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Abstract

The asymptotic distributions of Augmented-Dickey-Fuller (ADF) unit root test statis-
tics for autoregressive processes with a unit or near-unit root are derived in the presence
of multiple stochastic level shifts of large size. The distributions depend on a Brown-
ian motion and a Poisson-type jump process. The latter is related to the occurrence of
level shifts, and induces for tests based on standard critical values power losses increasing
rapidly with the number and the magnitude of the shifts. A new approach to unit root
testing is suggested which does not require to know either the location or the number
of level shifts. It is proposed to remove possible shifts from a time series by weighting
each of its increments according to how likely it is, with respect to an ad hoc postulated
distribution, a shift to have occurred in the respective period. Hence, no explicit decision
rule on the occurrence of shifts is required. It is proved that if the number of level shifts
is bounded in probability, the proposed test statistics have pivotal limiting distributions
coinciding with those of the corresponding ADF statistics under standard conditions. A
Monte Carlo experiment shows that, despite their generality, the new tests perform well
in small samples.
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1 Introduction

Since the seminal works by Perron (1989, 1990) it is well known that the performance of unit
root tests is largely affected by the presence of structural level shifts which, if neglected, tend
to inflate the evidence in favor of a unit root. Many researchers have focused on whether
economic time series have unit roots or, conversely, are stationary around a single level shift.
A major debate in this strand of the literature has been on whether the possible shift date
should be regarded as known or unknown. Among others, unit root tests robust to a level
shift at a known date have been developed by Perron (1989, 1990), Amsler and Lee (1995),
Saikkonen and Liitkepohl (2001), Lanne et al.(2002). Tests which allow for unknown shift
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dates have been initially proposed by Banerjee et al. (1992), Zivot and Andrews (1992) and
subsequently by Leybourne et al. (1998), Saikkonen and Liitkepohl (2002), Liitkepohl et al.
(2004), among others.

Few attempts have been made to robustify unit root tests in the presence of multiple
level shifts. Lumsdaine and Papell (1997) generalize the tests proposed by Banerjee et al.
(1992) by allowing for two level shifts at unknown dates. Unfortunately, although there is
little justification for fixing the number of shifts to one or two a priori (cf. Lumsdaine and
Papell, 1997, p.218), their procedure can hardly be generalized to a larger number of shifts.
Recently, Kapetanios (2005) has shown how tests for unit roots can be obtained by estimating
the shift dates using Bai and Perron’s (1998) approach, and running a properly augmented
Dickey—Fuller (ADF) regression; the reference critical values depend on the shift dates and
the power of the tests decline as the maximum number of allowed shifts increases.

In this paper we take a novel approach to unit root testing in the presence of multiple
level shifts. Specifically, we consider a rather general autoregressive data generating process
with additive level shifts having the following features: (i) level shifts occur randomly over
time; (ii) the number of shifts is unknown, and only needs to bounded in probability; (iii)
shifts need not occur independently over time, and in particular, may cluster together; (iv)
although in the basic setup shifts are exogenous, forms of dependence with the shocks driving
the ordinary autoregressive dynamics can be allowed without affecting the results; (v) shift
sizes are random and of larger magnitude order than the shocks driving the autoregressive
dynamics. Note that assumptions (i)—(v) are quite general and differ in several respects from
what has been previously studied in the literature. For instance, they do not require from the
investigator any a priory knowledge about either the number or the location of shifts. The
restrictions on the sequence of shift dates are mild, the main one being of technical nature,
and requiring the total number of shifts not to grow with the sample size. This is in contrast
with a strand of the literature where the number of shifts diverges to infinity as the number
of observations increases (cf. Balke and Fomby, 1991a, 1991b; Franses and Haldrup, 1994;
Nelson et al., 2001), but we adopt it since it preserves in the limit the distinction between
ordinary shocks and level shifts.

Despite the generality of (i)—(v), we are able to propose a family of ADF type tests
with null asymptotic distribution identical to that of standard ADF tests under standard
conditions, and hence, without the need for new tables of critical values. Furthermore, the
new tests have the same asymptotic local power function as standard ADF tests under no
level shifts.

Similarly to Amsler and Lee (1995) and Saikkonen and Liitkepohl (2002), the logic of the
tests is to remove from the original time series, say X;, the level shifts which might have
occurred over a given sample, and then to apply standard ADF tests to the obtained ‘de-
jumped’ time series, say Xf . In order to remove the shifts, for each observation we suggest
to compute a pseudo-probability 5 (with respect to an ad hoc probability measure) that a
level shift has occurred at time ¢, given the data. Then, shifts are removed by defining the
‘de-jumped’ time series X? as X := X, — St 6sAX,. The unit root hypothesis is tested
by running standard ADF tests on Xf , which are found to have the same (pivotal) limiting
distributions as standard ADF tests under no level shifts — a property which holds both under
the null hypothesis and under local alternatives.

The idea of weighting each observation with a (pseudo) probability is present in the work
of Franses and Lucas (1998) on the robustification of likelihood-based cointegration tests to



innovational outliers. Despite the similarity, we depart from a rather different statistical
model, which gives rise to estimators and tests with different asymptotic properties. For
example, although not required for the definition of the unit root tests, in our framework
decision rules for consistent estimation of shift dates are feasible.

To evaluate the relevance of the asymptotic theory developed here, the agreement of its
predictions with well-known finite-sample evidence is worth to be noted. Specifically, we
show that if level shifts are neglected in testing, the asymptotic local power function of the
ADF tests can be far below the power function under no level shifts. This is consistent with
widely documented findings that in finite samples unit root tests lose power in the presence
of level shifts.

A specificity of our probability analysis is that it relies on random fixed point theory.
Although it is a common practice to compute parameter estimates as fixed points of iterative
algorithms, estimators themselves are rarely studied as fixed points; Aitchison and Silvey
(1958) is a notable exception. By choosing a fixed-point approach, we can ensure that the
object under analytical study is the same as the object which is actually computed - an
obvious requirement that may sometimes be hard to check.!

The paper is organized as follows. In Section 2 we present the reference data generating
process. We also discuss the asymptotic distributions of standard unit root tests in the
presence of level shifts occurring independently over time and we show that the distribution
of the ADF statistics are characterized by a Poisson-type jump process, both under the null
and under local alternatives. In Section 3 the proposed tests for unit roots in the presence of
level shifts and their asymptotic properties are introduced and discussed. A basic version of
the tests is reported in Section 3.2, while a refined version with better finite sample properties
is discussed in Section 3.3. The small sample properties of the new tests are analyzed through
a set of Monte Carlo simulations in Section 4. Section 5 concludes. All proofs are collected

in the Appendix. The following notation is used: ‘>’ denotes weak convergence and £
convergence in P-probability respectively; I(-) is the indicator function; I and 1 are the
k x k identity matrix and the k x 1 vector of ones. With ‘z := y’ (‘z =: y’) we indicate
that x is defined by y (y is defined by x), and |-| signifies the largest integer not greater
than its argument. With DJ[0,1] we denote the space of cadlag functions on [0,1], endowed
with the Skorohod topology. Finally, for a scalar sequence Z; we define the related sequences
VZt = (AZt, ceey AZt—k‘—i—l), and Zt = (Zt, (VZt)’)’.

2 Model and preliminary results

We are interested in testing the unit root null hypothesis Hy : a = 1 against local alternatives
H.:a=1-¢/T in the following additive level-shift model for the observable variable Xj:

Xt:(pIZt—*—th—i-/Lt, t:—k’,...,T
Y, = a¥jq +us, (1)
U = Zf:l Villt—i T €ty

where Y} is an unobservable autoregressive process, Z; is a vector of deterministic terms (e.g.
a constant and a linear trend) and p, denotes an unobservable level-shift component. The

'For example, numerical techniques may deliver a local maximum of a criterion function, whereas the
asymptotic analysis is carried out for a global one.



following assumption is maintained:

Assumption M. (a) the roots of I" (z) := 1 — Zle 7,7* have modulus greater than 1; (b) &;
are IID(O, ag) and F |e1]" < oo for some 7 > 4.

The assumption prevents Y; from being I(2) or seasonally integrated, and ensures that the so-
called long-run variance, o2 := 02T’ (1)72 hereafter, is well-defined. The novelty of the paper
lies in the way p; is specified and dealt with. To focus the exposition on this aspect, we
regard the lag order k as known, and in the entire analytical part we consider the special case
¢ = 0. De-meaning and de-trending will be addressed in Section 4. Pre-sample values are
set to g,y fig =0, Yo, = Op (1), and (u—g41, ..., up)’ is given the stationary distribution
induced by the difference equation u; = Zle YiUt—i + 1.2

In the absence of level shifts and deterministic terms, X; = Y; holds for all ¢; in this
case, if & and 4 denote respectively the OLS estimators of a and v := (vq,...,7;)" in the
regression X; = aX; 1 +7v'VXy_1 + errory, the well-known ADF unit root tests build on the
test statistics ADFy := T (& — 1) /T' (1) and ADF, := (& — 1) /s (&), where T'(1) :== 1 — 1,4
and s (&) is the (OLS) standard error of &. It is known (see, e.g., Chang and Park, 2002)
that under Assumption M and for « = 1 — ¢/T, & and ¥ are consistent and, as T" — oo,

AD awfol S),Ath fo B (s) (2)
Jo Be(s ) ds fo 2 ds)1/2’

where B (s) := [5e ~°(s=2)dB (2) is an Ornstein-Uhlenbeck process on [0, 1], and B (:) is a
standard Brownian motion. Under the null hypothesis that ¢ = 0, B.(-) = B(-) and the
distributions in (2) are the so-called univariate Dickey-Fuller distributions.

Now, suppose that the level-shift component i, is constant except for a few shifts. The
simplest example is the single level shift model, with the level-shift component changing from
o to pq at time t* (cf. Perron, 1989; Amsler and Lee, 1995; Saikkonen and Liitkepohl, 2002,
p.316). This model corresponds to p; being generated as

o= g + 0L 2 1), 0% = 1y — g, )

with 6* the magnitude of the level shift, or equivalently, as

t
Ly ::Z(SSG*, bs:=1(s=1t"), (4)
s=1

with 05 a dummy variable equal to unity at the time t* of the level shift. Rather than assuming
a single deterministic level shift, in this paper we consider shifts that occur randomly over
time and have random magnitude. This is achieved by specifying the level-shift component
as ;= > ., 8505, where {6} is a rather general unobservable sequence of binary variables
indicating the occurrences of shifts, and {6;} is the (random) sequence of shift sizes. The
number of level shifts occurring up to time ¢ is given by Ny := 22:1 bs, with Np denoting the
total number of level shifts. The following assumption on the properties of the level shifts is
required to hold jointly with Assumption M above.

2The results of the paper remain valid under the more general specification o, ..., u_r41 = Op (1).



Assumption §. (a) Nr is bounded in probability, unconditionally and conditionally on
Np > 1; (b) 6; = T2y, where 1, and n; ! are Op (1) sequences; (c) 6; is independent
of Yo, (u1—g, ..., up)" and (gs,7m,) for all t,s < T.

Several points are worth to note.

Remark 2.1. Formally, since (64, 0;) (as well as the a of (1)) depend on T, we are considering
a triangular array of the form {Xr; = Y7 + pupy; t = —k, =k +1,...,T, T = 1,2,...}. Unless
differently specified, in order to keep notation simple, we drop the ‘I” subscript.

Remark 2.2. Assumption S generalizes the simple single shift model (3)—(4) in a number of
directions. Specifically, it allows for multiple level shifts, whose number Nt only needs to be
bounded in probability. This is a stochastic analogue of the deterministic setup in, among
others, Perron (1989), where processes with a fixed number of structural breaks are studied.
It is in contrast with the setup of e.g. Balke and Fomby (1991a,1991b) and Franses and
Haldrup (1994), who let the number of level shifts diverge together with the sample size.

Remark 2.3. Our model can equivalently be expressed in the multiple-break format (see e.g.
Bai and Perron, 1998)

Xt = }/t_‘_:u(J)at = 1}',14—1,...,1}',‘7 = 17"'7m+1a

where the number of breaks m equals the number of level shifts (m := Nr) and the break
points T} are obtained as 7T} := max{t € {1,...,T} : Ny < j}, with Ty := —k, T)41 := T and
pld) = -

Remark 2.4. Assumption S(b) relates explicitly the magnitude of the level shifts to the
sample size; this assumption is not new in the literature, cf. e.g. Leybourne and Newbold
(20002,2000b), Doornik et al. (1998) and Perron (1989, p. 1372). Specifically, the T/? scale
for the size of the level shifts — which is the natural choice as it corresponds to the magnitude
order of the unconditional standard deviation of Y; under the parametrization « = 1 — ¢/T
— implies that level shifts have a non-negligible effect on the asymptotic distribution of ADF
statistics: a desirable property given the broad evidence of a substantial effect on their finite-
sample distributions. Note also that the same rate has been used by Miiller and Elliott (2003)
to model the initial observation of processes with unit roots near unity.

Remark 2.5. Assumption S(c) specifies the occurrence of level shifts as exogenous. This
is not a strictly necessary assumption for the results of the paper. Thus, if P denotes the
sequence of probability measures induced by model (1) under Assumptions M and S, and if
P, is P conditional on the occurrence of at least one level shift, it holds that max,;<r |6:e¢| =:
maxy.s,—1 |€¢|, maxgs,—1 |AY:], maxy.s,—1|n;| and maxy.s,—1 \n;l\ are bounded in P and P;
probability. What matters in the proofs of the main results is this boundedness, and as long
as a relaxation of S(c) (such as the case of endogenous level shifts) does not affect it, all the
results given in this paper continue to hold.?

Remark 2.6. Assumption S imposes no restrictions on the dependence structure of ¢;. In
particular, since 6; does not need to be independent over time, it allows for clusters of level
shifts.

3To see that some kinds of dependence between §; and (e5,7,) violate boundedness, consider the extreme
case §; := [{|e:| = maxs<r |es|}, where Ny = 1 a.s. but maxys,=1 |e¢] = maxi<r |e¢| is, in general, not
bounded in probability.




In the presence of level shifts satisfying Assumption S, the asymptotic distributions of the
ADF statistics provided in (2) is no longer valid. Under the complete generality of the
assumption, the test statistics need not even to have weak limits. To be able to describe their
asymptotic behavior in terms of functionals of a stochastic process, we specialize to the case
of n, = n and 6; IID with P(6; = 1) = A\/T, the last in order to bound the number of level
shifts Np as T diverges. Asymptotics for the ADF statistics are given in the next theorem,
where P, (+) denotes a Poisson process with intensity A. The process Py (+) is defined on [0,1]
and is constant apart from finitely many jumps equal to unity.

Theorem 1 Under Assumptions M and S, if « =1 — ¢/T with ¢ > 0, n, = n and 6; are
IID with P(6; = 1) = \/T, then, as T — oo:

1

75 X(me) % oH(s), He(s) = Be(s) + 2Pa(s), s € [0.1], (5)

where convergence is on D [0,1], and B. (-) is an Ornstein-Uhlenbeck process independent of
P (+). Moreover,

w, fo ( ) + wo
(w1 fo ds 1/2

wfo ()+w0
fol () ds

where wo and wy depend on n?Py (1) /o2, and equal respectively 0 and 1 when Py (1) = 0. In
the special case k =0, wo = 0 and w1 = 1+ n>Py (1) /o2

ADF5 —

. ADF

, (6)

Remark 2.7. The most prominent feature of Theorem 1 is that, in the presence of level shifts,
the limiting distributions of the ADF statistics depend on a discontinuous process. This
distinguishes them from the usual Dickey-Fuller distributions (2) arising in the case of no
level shifts. The difference in the asymptotic distributions agrees with the different finite-
sample performance of ADF tests in the two cases, most notably under local alternatives,
where level shifts lead to substantial power losses. The Monte Carlo simulations in Section 4
illustrate this aspect.

Remark 2.8. Intuitively, distributions (6) obtain because in the ADF regression: (i) X;—1
appears as a regressor instead of Y;_1, and hence, in (6) H. (-) appears as integrand instead
of B, (+); (ii) Xy appears on the left-side of the ADF regression instead of Y;, and hence, in
(6) H.(-) appears as integrator instead of B, (-); (iii) the lagged differences of X; appear as
regressors instead of those of Y;, which leads to inconsistent estimation of ~, and gives rise
to the term wp in (6). The term w; is due to the inconsistent estimation of both o2 and 7.

Remark 2.9. To elaborate on the terms wp and wj, consider instead of (1) the following
‘innovational’ specification: X; =Y;, Y; = aY; 1 +us and u; = Zle Yut—1 + €¢ + 640;. Here
0+0; generate level shifts in X; under the null hypothesis @ = 1. A crucial difference from
(1) is that e; and 640, feed into X; via the same dynamics. As a consequence, v is estimated
consistently, and the asymptotic distributions of the ADF statistics could be shown to be
given for any k by (6) with wg = 0 and wy = 1 + n?P, (1) /o2. In this case the term w; is
entirely due to the inconsistent estimation of o2. The difference from the general expressions

4The expressions for wo and w1 for arbitrary k are given in the Appendix.



(6) sheds light on why additive and innovational shifts have different effects on finite-sample
testing (see, e.g., Nielsen, 2004).

Remark 2.10. The importance of the Poisson component in the limiting distributions of
Theorem 1 depends on the size of the level shifts relative to the long run variance of the
errors (through 7/0) as well as on the occurrence probability of level shifts. When the level
shifts are small in size, that is /o is close to zero, the asymptotic distributions of Theorem 1
are close to the usual Dickey-Fuller type distributions. Conversely, when the shifts are large,
conditionally on Ny > 0 (i.e., at least one level shift occurs), the Poisson component becomes
the dominant one.

Remark 2.11. In Theorem 1 it is imposed that the possible level shifts all have the same
size 1. A more general assumption, which still allows to obtain asymptotic distributions in
terms of functionals of a stochastic process, is that the shift sizes n, are IID. In this case
the results of the theorem hold provided that nP, (-) is replaced by the compound Poisson

process C) (+) = ZZ):A].(.) n; (if n, = n for all t, Cy (-) = nPx (+)), and 7*Py (1) is replaced by
ZZZI() n?, the quadratic variation of Cy (+) on [0, 1].

3 Tests which account for the level shifts

3.1 Overview

Given the conclusion of Theorem 1 that, in the presence of level shifts, the ADF test statistics
based on the observed time series X; do not have the usual asymptotic distributions (2), in
this section we propose variants of these statistics which do have (2) as their asymptotic
distributions. As a consequence, two powerful results hold: on the one hand, standard tables
of asymptotic critical values (see e.g. Fuller, 1976, for the case of no deterministics or OLS-
based detrended data; Ng and Perron, 2001, for pseudo-GLS detrended data®) can be used
for testing the unit root null hypothesis; on the other hand, whatever the number and the size
of the shifts are, the new tests have the same asymptotic power function as the corresponding
ADF tests in the standard, no-shift case.

Recall that, under Assumption M, the asymptotic distributions of the ADF statistics
from the regression Y; = aY;—1 ++'VY;_1 + error, are as given in (2), where Y; = X; —
can be thought of as obtained form X; by removing the level shifts. Since u, and Y; are
unobservable, this regression is not feasible empirically. Instead, we propose to conduct ADF
tests on a process obtained by subtracting from X; an estimator of u,. The idea is related to
Saikkonen and Liitkepohl (2002), who suggest to adjust the original time series by removing
the deterministic component, including possible (deterministic) level shifts. Since in our case
1, is a random jump process, our procedure will be referred to as ‘de-jumping’ in what follows.

If the 0+’s were observable, de-jumping could be based on approximating p, by f; =
22:1 0sAXs = ;s + 22:1 0sAY;. The approximation error fi, — p; is bounded in probability
according to Lemma 7 in the Appendix, while y, has stochastic order of magnitude T2, This
difference turns out to be sufficient for the ADF statistics based on the de-jumped process
X9 =Xy — Zi:l 6sA X, to have asymptotic distributions (2). In the case of unobservable
6; we imitate the above de-jumping procedure by estimating 6;. The starting point is to
recognize that the distribution of AX; is a mixture, with mixing variable ¢§; and mixture

5For the latter case the conclusion is based exclusively on Monte Carlo evidence.



components® the distributions of AY; (&; = 0) and AY;+6; (6; = 1). Therefore, estimating the
shift indicators é; is equivalent to classifying the observable increments AX; into such equal
to AY; and such contaminated by 6;. Since under Assumption S the mixture components
have different orders of magnitude, they are ‘well-separated’ (cf. Titterington et al., 1985)
and consistent classification is possible.

Our proposed estimator &; of 8; is the conditional expectation of §; with respect to an ad
hoc postulated distribution. This approach does not require an explicit decision rule about
when level shifts have occurred.” Instead, each observation is weighted according to how
likely it is, given the data and the postulated distribution, a level shift to have occurred in
the corresponding period.

Two estimators of ¢; are discussed in the following subsections, leading to ADF-type tests
with identical asymptotic distributions. Both tests rely on an ADF regression for a de-jumped
series Xf = X;— 22:1 5sAX,. The first test uses an estimator of §; based on the observable
increments AX; = AY; + 0;6;. The second one exploits the fact that ¢, and 6;6; are better
separated than AY; and 6,6, (since &; has smaller variance than AY}), and rests on the joint
estimation of ¢; and &; + 0;6;; furthermore, it needs as an input the estimator of 6; based on
AX;. The small sample properties of both tests are discussed in Section 4.

Some notation related to de-jumping is now introduced. For a vector d := (dy, ...,dr)
the process X; de-jumped with weights d is denoted by X := X; — 22:1 dsAXg, t > 1, and
Xd:= Xy, t = —k,...,0. According to the notation introduced in Section 1, we let VX¢ :=
(AXE, .. AXP) and X¢ = (X, (VXE))'. The processes X¢ (as well as Y;) sometimes
appear normalized by the diagonal (k + 1) x (k + 1) matrix Ay = diag(T~/2,1,...,1).

/
’

3.2 Rough de-jumping
3.2.1 Definitions of estimators and unit root tests

The definitions are inspired by the random level shifts specification from Theorem 1 and
Remark 2.11; nevertheless, all subsequent results are obtained in the more general setup of
Assumption S. For the purposes of the definition, pretend that the AX,’s are independent
draws from a mixture of a Student ¢ (v) distribution re-scaled with some o > 0, and another
t (v) distribution re-scaled with (o2 + 76?) Y 2, with mixture weights 1 —\/T" and \/T respec-
tively, in agreement with Assumption S(a). The quasi-likelihood function for A, regarding o2
and 02 as known, is

[T (0(8Xi0? +T0) + (1= 20,3 %0 ) ")

where ¢, (e; a2) is the density of a -t (v). The QML estimator of A is easily seen to satisfy
the equation

M

t (C) , ¢ = ()" 027 92)/7 (8)

T
=y
t=1

6 Although we write as if the two component distributions are the same for all ¢, in general they constitute
a family indexed by ¢ (e.g. 1, does not need to be identically distributed over time).

"Nevertheless, as it will be shown later, our approach allows for consistent estimation of shift dates as a
by-product.




with
-1

A <1_3> ¢, (AXy;0°)
&,

9
(AXy;0%+T6%) | ®)

the latter corresponding to the expectation of §; conditional on the data; that is, 8 €) =
E(8:| {AX}T_ ) = E(6:]AXy), with E(-| {AX,}1_)) denoting expectation under the adopted
pseudo distribution of {AX S}ST:1 and conditional on the data.

From (8) it follows that, for known ¢ and 02, the QML estimator of \ is a fized point of
the mapping A — Z;‘rzl by (¢). Such a fixed point can sometimes be computed by iterating
the mapping until convergence; this is a simple instance of the Expectation-Maximization
algorithm (Dempster et al., 1977), with b4 (¢) computed at the expectation step, and their
sum A at the maximization step. Upon convergence, the estimate of A can be inserted into
(9), thus yielding the estimates of §; needed to eliminate the level shifts from the original
time series.

In general 8 (¢) is not the true conditional expectation of §; for any choice of ¢, but
A, 0% and o2 can still be thought of as related to the number of level shifts Ny and to
the squared magnitude of the draws from the mixture components, T~} Z;‘le §;AX? and
T-'S°T (1 - 6;) AX?. Thus, to obtain an estimator of 6; based on (9), we insert for ¢ an
estimator of (Np, T~} Zthl S AXE, T Zle(l — 6;)AX?). Namely, we define the random
mapping @7 (¢) = (@2 (), 2% (), 2% (())/ whose components are given as follows:

T T
O} ()= 8:(C), @5 (¢ 126,: QAXZ, @5(Q) =T (1-5:(¢)AX], (10)
t=1 =

and then insert into (9) a random fixed point ¢z of this mapping.

Once &T has been found, level shifts are eliminated from X; by computing the de-jumped
time series X? := X, — 22:1 6s(Cp)AX,. Then, the unit root hypothesis can be tested by
running standard ADF tests, henceforth ADFCLE and ADF?, based on the auxiliary ADF
regression Xf = de,l +4 VX?A + errory. The logic behind this approach is that if St(gT)
estimate ; consistently at an appropriate rate, then Xf will be sufficiently close to Y; for
the ADF statistics based on X{ to be close to those based on the unobservable Y;, the latter
having the usual Dickey-Fuller type distribution. The asymptotic properties of this procedure
are discussed in the next subsection.

Remark 3.1. The definition of ®7 in (10) is not the only possible one, but among those
capturing the meaning of (, it is a rather simple one. A natural alternative is to maximize
the quasi-likelihood function (7) with respect to ¢, which gives for 0 and o2 the equations
0% = LEL@f. () — T~ 1o? and 02 = 7 (¢). Ours obtain by dropping £ and 7102

3.2.2 Asymptotic results

We start this section with a theorem about existence, uniqueness and asymptotics for a fixed
point (7 of the mapping ®r, such that 6;(Cy) are consistent for é; uniformly in t.8 The
theorem also ensures that (7 can be computed by iterating &7 until convergence.

8Tt is immediate that ®r (¢) has a trivial fixed point (0,0,77 >3/, AX?), which however fails to satisfy
the consistency requirement.



Theorem 2 Let Py be the probability measure induced by model (1) with o =1—¢/T, ¢ > 0,
under Assumptions M and S, and conditional on the realization of at least one level shift. If
v of (9) satisfies 3 <v <r —1, the following facts can be established:

EXISTENCE. There exists a random sequence Cp such that Py(®r(Cp) = Cp) — 1, Cp =
Op, (1) and {T s component wzse bounded away from zero in P; probabzlzty

UNIQUENESS. If CT and CT both have the above properties, then Py (CT = CT) — 1.

COMPUTABILITY. For every non-random (ro with positive coordinates, the sequence of
iterates (p; = @7 (Cri-1), @ > 1, satisfies Pi(Cp; —imoo C7) — 1 as T — 0.

CONSISTENCY. Let Hp := Zle 63, and let o2 denote the variance of uz. Then
3ot [66=81(Cr)| = Op(T12), 320y 81]1=00(Cp)| = Opy (T~ 072)/2) and Cp = (N, He, 03)+
op, (1).

Thus, CT is consistent for (Ng, Hr,02), and level shifts are detected consistently in the
sense that &,(Cp) are consistent for §; at the uniform rate of T/2.

A =0
Remark 3.2. According to the consistency part of Theorem 2, it holds that (¢(7,(r) =
(N7, Hr) + op, (1). This introduces a small complication into the argument for existence of

Cr, because in general no compact in R® contains Ny and Hr (and hence, (&;,52)) with
probability approaching one, while existence theorems for random fixed points are typically
formulated for mappings from a compact onto itself. One consequence is that, instead of
existence, we only establish existence with probability approaching one. This is not unusual
in econometrics, see e.g. Saikkonen (2001).

Remark 3.3. A further consequence is that in order to prove the theorem we resort to the
trick of looking for a fixed point of the form (; = ¢ (27), where ¢ is the random function
¢(2) = (Np + 2, Hrz? 27) and (%}, 28) = (0,1) + op, (1). For Hy # 0 the inverse function
¢~ is well-defined, and Z7 can be found as a fixed point of (! o®ro(. To ensure that we can
avail of this fact, Theorem 2 is stated conditionally on the presence of level shifts (Np > 1),
so that Hp # 0 a.s. The case Ny = 0 is considered in the simulation exercise.

Before introducing in Theorem 4 our main result, we present an important lemma which
forms the basis of the proofs of both Theorems 2 and 4. The lemma contains several con-
vergence statements uniform on compacts. One regards the rates of consistent detection of
level shifts; another one, the distance between the OLS estimators of a and v from ADF
regressions for Xf and for the unobserved Y;; yet another statement is an evaluation of the
Jacobian of ®7 that underlies contraction arguments. In the lemma, for compacts Ar in R3
and functions f defined on A7, we write sup,c,,. f (((2)) as supy,. f(¢)-

Lemma 3 Let Py be as in Theorem 2, ((z) be either the identity on R® or the random
function (Np+ 2>, Hr2%, 27), and the compact Ar C R? be such that max,ea, ¢ (2) = Op, (1)
and the components of min,eca,. ¢ (2) are bounded away from zero in Pj-probability. Define
XP=x, -3 6 () AX,, and let X¢ be defined accordingly. If v of (9) satisfies 3 < v <
r— 1 then: B B
a. supy,, S 160 = 6:(C)| < Op (T~Y2) and supy, >1_; 8:[1 = 6:(Q)| < Op, (T~72)/2);
b. supy, Nz — ©3 (O], |Hr — ©4 ()|, [0% — 95 () 1) < op, (1) compoment-wise;

10



¢ supy ||(T (G — as), Tl/Q(?y 3s))|| = opy (1) and supy, |63 — &3] = op, (1), where
by, Ay and 6% (&g, Y5 and 05) are the OLS estimators of o, v and o2 from the regression
Y =aY; 1 +9'VYi_1 +error (Xt = ozXf_l + v'VX 1 +errory);

d. supsep, [[(@1)¢le=¢c)|l < op (1), where (@r); is the Jacobian matriz of @7 as a
function of C.

Remark 3.4. The maximum and the minimum in the hypothesis of Lemma 3 are well-defined
random variables due to choice of ((z). The notation sup,,. (-) < op, () corresponds to the
statement that there exists an op, (*) sequence which dominates sup,,. (+), while supy,,. () =
op, (*) means that there exist, first, an op, (*) sequence, and second, a sequence of sets with
Py-probability approaching one, such that for outcomes in these sets, sup,,. (-) is dominated
by the op, (%) sequence. For the analysis here the two kinds of uniform convergence have the
same implications.

Remark 3.5. According to the lemma, the pseudo probabilities b4 (¢) are consistent for &y
uniformly in z € Ag. The faster rate of T—(*~2)/2 obtains if attention is restricted to periods
with level shifts. This rate implies that better detection of periods with level shifts obtains
by choosing higher values of v; under the hypothesis of the lemma, the optimal choice is
v =r—1. A possible explanation is that a larger value of r implies, through the thinner tails
of the &;-distribution, better separation between AY; and AY; + 0, while a larger value of v
takes advantage of the separation.

Remark 3.6. The lemma states also that the OLS estimators of a and v based on the de-
jumped data and on the unobservable Y; are asymptotically equivalent, and their closeness is
uniform in z € Ap. Asymptotic equivalence holds for any z belonging to any Az, not only for
a fixed point of ®7 (¢ (+)). However, since the fixed point is defined to match relevant sample
characteristics, it can be expected that a test based on it has better finite sample properties.

Remark 3.7. Lemma 3 is proved in the Appendix also without conditioning on the realization
of level shifts; this is the only analytical result we derive unconditionally. It means that if
&7 is truncated such that its domain and range are a closed cuboid in the positive orthant
of R3, then the fixed point of the truncated mapping can be used to construct unit root tests
with the same unconditional asymptotics as those stated in Theorem 4 for tests based on 6T
under the conditional measure P; (for the definition of truncation see the proof of Theorem
2).

We are now ready to state our main result.

Theorem 4 Let ( be as in Theorem 2, and X§ := Xy — 30, 85(Cp)AX. Let also v of (9)
satisfy 3 < v <r — 1. Then, under assumptions M, S and the hypothesis o = 1 — ¢/T, the
ADF statistics ADF?, ADF6 based on the regression X{ = aX? | +4'VX? | + error; have
asymptotic dzst’rzbutzons given by (2), i.e.

ADFLSE)M ADF6 w Bc(l) _1

where weak convergence refers to the sequence of measures conditional on Np > 1.
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According to Theorem 4, in the presence of level shifts the asymptotic distribution of
the ADF statistics based on the de-jumped time series Xf is the same as that of standard
ADF statistics computed from series with no level shifts, both under the null and under local
alternatives. This result allows to refer to well-known tables of critical values (cf. e.g. Fuller,
1976), and does not require any explicit decision rule about the set of periods affected by
level shifts. Nevertheless, due to the consistency of (NSt(ET), consistent explicit decision rules
are possible: for instance, for any a € (0,1) the set of periods with &;(Cz) > 1 — a coincides,
with Pj-probability approaching one, with the set of periods where level shifts occur.

Remark 3.8. For X; with non-zero mean or with a linear trend, de-jumping can be combined
with de-meaning and de-trending. Consider e.g. GLS de-trending; de-meaning is analogous.
For the computation of the statistics ADF?, let &; be estimated and X{ be defined as in
Theorems 2 and 4. Then GLS de-trending can be applied to X'f as described in Elliott et
al. (1996), and ADF?® can be obtained from an ADF regression for the de-trended X?. We
study the properties of this procedure by simulation in Section 4.

3.3 Finer de-jumping

In order to improve the finite-sample properties of both the de-jumping procedure and the
related unit root tests, in this subsection we discuss a de-jumping algorithm based on es-
timates of &; + 0:0; instead of AX;. It is implemented by iterating until convergence the
following steps: estimation of §;, de-jumping of X;, ADF regression for the de-jumped series,
and estimation of ; + 646, using the regression estimates of o and 7. The fixed points of the
iteration are among those of the mapping W (§) defined next.

For a given d = (di, ...,dr)" and (a,v'), where a substitutes T2 (a — 1) = T~1/2¢, intro-
duce e := AX;—(a,v') ArX% ;. Define further ¥r (¢), with argument ¢ := (d', N a,v, 02, (92),
and with components W5 (¢€), ¥ (&), U3 (€), U5 (&) and WY, (€), as follows. First, for t =
1,...,7, let

A A A G (edio?) 17

6 — | _
\IjTt (5) T TIT + (1 T)d)y(e%j;o.z +T92)

(11)

and W) (§) = Zthl g, (€). These are respectively the functions in (9) with AX; substituted
by e, and the counterpart of (8). Denote the series X; de-jumped with ¥, (¢) by XY :=
X — Y U, (€) AX; for X | defined accordingly, let U3 (£) be the estimator of (a,~')’

from the regression
AXY = (a,7)Ap X} | + errory. (12)

Finally, using the updated estimator e} := AX; — (wzy ApXY | of g, + 640, define

T T
VG (€) =T ) (1= Uy (©))(ef)?, VT () :==T71 Y Wiy (€) (¢f)*

Let &7 be a fixed point of ¥, and consider the ADF statistics, say ADF 0‘}’ and ADFY,
from regression (12) for XY evaluated at £ = £;. The next theorem discusses existence and
uniqueness of a fixed point {7 with the property that \Iii}t (&7) estimate 6, consistently. It also
states conditions ensuring that ADF (;I’ and ADF,Y have the usual asymptotic distributions

(2).
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Theorem 5 Under the conditions of Theorem 2 the following facts can be established.
EXISTENCE. There exists a sequence Er such that:
i. PL(Yr(&p)=¢&p) — 1, d.e. &p is a random fixed point of Wp with Py-probability
approaching one;
ii. CONSISTENCY, 1. WS, (&1) estimate &; consistently in the sense that Zthl }(5,5 — vl (éT)’ =
OPl (T_I/Q) and Z?:l (St(l - \Pg“t (ST)) = OPl (T_(V_Q)/Q);
w1. CONSISTENCY, 2. (‘I’:Ar (§T) ’ \II% (§T) ’ \P% (§T) > (\Ij’jy“ (gT)),) = (NT, Hr, Uga 7/)+0P1 (1) )
. UNIT ROOT TESTS. The statistics ADFY and ADFY have limit distributions given
by

B.(1)* -1 v B (1> -1

A.DFA\I} ke t - 1 2 Y
2(Jy Be(s)”ds)t/?

S RN
“2 fol B. (s)*ds

where weak convergence refers to the sequence of measures conditional on Np > 1.
Furthermore, if part (b) of Assumption M is replaced by the requirement that E|e1|" < oo
for some r > 5, then for 4 <v <r —1 the following facts hold too.
UNIQUENESS. If &5 and €2 have properties (i) to (iv), then P(ék = €2) — 1.
COMPUTABILITY. &7 can be computed by iteration: if 6(Cr) := (61(Cq)s -y 6:(Cp)), Eqp i=
(6(Cq), &;,Tlﬂ(& -1),%. ¢, &g)’ with components defined in Theorems 2 and 4, and {p; =
Uy (1) fori > 1, then Pi(&p; —imoo &) — 1 as T — 0.

The theorem is similar to Theorems 2 and 4. Uniqueness is established within a smaller
class of sequences than in Theorem 2, but this has no practical implications given that the
iterative algorithm converges to the relevant fixed point. The choice of initial value for the
iteration is important: Theorems 2 and 4 ensure that 7, defined through the fixed point
of the rough de-jumping procedure, is sufficiently close to &5 for the iterative algorithm to
converge.

Remark 3.9. Compared to &7 from (10), ¥p is of larger and sample-dependent dimension,
as it has components for the parameters «a and ~, and also for each 6;. In the definition
of @1 we were able to avoid a sample-dependent dimension because the right sides of (9)

, s < 5 - < s
upon evaluation at the fixed point 7 depended on &;(Cy) only through (7 = S7 | 6:(Cr).
Since A X; is now substituted by quantities obtained through de-jumping, it is not possible to
reduce their dependence on the estimates of ; to dependence on a fixed number of summary
variables.

Remark 3.10. As a continuation of Remark 3.8, consider an iterated version of de-jumping
and GLS de-trending. The vector ¢ and the mapping W¥r, corresponding respectively to
the initial and the updated value at each iteration, are augmented with components (.. and
\Ilﬁ for the slope of the trend. In place of ef, the estimates ef’T = ef — @, of g + 6,0,
are used in the definition of \Il%t and \P% The updated de-jumped series is now XY :=
X — 22:1 VS (AXs — ,); it is GLS-detrended to get X;II’T and the updated estimate ¥¥.
ADF regression is performed on X, instead of X,¥, and e are replaced by e}’ := e — W¥.
The iteration is initialized with the outcome of the rough de-jumping procedure. In the next
section the properties of this procedure are investigated by simulation.
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4 Monte Carlo results

In this section the finite-sample size and power properties of standard ADF tests (ADFy,
ADF;) and of the proposed ADF tests based on level shifts removal are investigated by Monte
Carlo simulation, either with or without level shifts. We need to establish three main things:
first, that allowing for many possible shifts as assumed in our approach does not result in
deteriorated size properties; second, that the power properties of the new tests are close to
those of the usual ADF tests under standard conditions (i.e., without level shifts), at least
as the sample size increases; third, that in the presence of deterministic trends the proposed
tests can be successfully applied in conjunction with a proper detrending procedure, despite
that all our analytical results are proved under the assumption of no deterministics in the
DGP. In addition, we wish to assess how the properties of the tests are affected by the choice
of the number of degrees of freedom v of the pseudo-t distribution; in particular, we want to
assess whether the bounds on v appearing in Theorems 2, 4 and 5 are strict. Finally, as a
by-product we wish to provide additional evidence of the properties of standard ADF tests
under multiple level shifts.

The employed DGPs are as follows. Data are simulated for sample sizes of T' = 100, 200, 400
according to model (1) with £ = 1, v := v; € {-0.5,0,0.5}, Y_; = 0 and IID innovations.
Two distributional choices for the innovations e, are considered. In the first case, &, ~ N (0, 1);
Assumption M(b) is valid for any r > 0, and hence, behavior as predicted by asymptotic
results is expected for arbitrarily large v. The second considered distribution is e; ~ ¢ (10),
which satisfies Assumption M(b) with r < 10. We consider both the unit root case, which
obtains by setting « of (1) equal to unity, and the sequence of local alternatives o« = 1 —¢/T,
where ¢ := 7 unless a linear trend is included in the DGP and in the model; in the latter
case, we set ¢ := 13.5.

Three specifications of the level shift component are employed. First, the standard case of
no level shifts (p, = 0 for all ¢) is considered, with the resulting model denoted by Sp. Second,
with S4 we denote the case of four shifts occurring at fixed sample fractions t;, ¢ = 1,...,4,
with ¢ := |0.2T'|, to := [0.35T|, t3 := |0.67'] and t4 := |0.87'|, and with corresponding size
magnitudes n;, ¢ = 1, ..., 4, satisfying n; = 7, := 0.4 and ny, = —n3 := 0.35; consequently, the
level shift component is defined as

1 = TY2[0.4L5 0.7y + 035015 0357 — 0-351 > 0,673 + 041> 0.87)}] -

Finally, we consider the case of random level shifts, S, in the following. In this case, the
random number of shifts is generated as Ny = 2 + B(T,2/T) (B denoting a Binomial dis-
tribution); i.e. at least two level shifts occur over the sample, with an average number of
shifts equal to four. The shift dates ¢;, i = 1,..., Np, are defined as t; := [;T] where the
relative locations 7; are independent and uniformly distributed on (0, 1); the (independent)
shift magnitudes 7, are drawn from a uniform distribution on [—4,—0.35] U [0.35, 4].

We consider both the tests based on rough de-jumping (ADFE‘E,ADF{S) and tests based
on the finer version of Section 3.3 (ADFY,ADF\Y). Several values of the degrees of freedom
v have been used. In what follows, for the case of Gaussian innovations we report the results
obtained by setting v = oo (i.e. Gaussian densities instead of ¢ densities are used in the
estimation of §;); we have checked that the same results obtain by choosing sufficiently large
finite values of v. For the case of ¢ (10) innovations, in order to investigate the importance
of the upper bound on v in Theorems 2, 4 and 5, we have used both v = 8 (which satisfies
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the bound v < r — 1, see e.g. Theorem 2) and v = oco. Initially tests based on raw data
are considered; later we will discuss the case of tests run on GLS-detrended data. All tests
are based on the 5% (asymptotic) nominal level, with critical values taken from Fuller (1976,
Tables 10.A.1 and 10.A.2) for tests without detrending and from Ng and Perron (2001, Table
I) for tests based on GLS detrending. All computations are based on 10,000 Monte Carlo
replications and are carried out using Ox.

[Table 1 about here]

In Table 1 we report the finite sample size of the six tests considered for the case of no
deterministics in the DGP; all tests statistics are based on raw data. The innovations are
Gaussian and large values of v are considered by approximating the pseudo-t (v) density used
for estimating 6; with a Gaussian distribution. Two results are worth to note. First, in
the case of no level shifts (Model Sp) the size properties of the proposed tests are extremely
accurate, with sizes ranging from 4.8 to 5.5 for the ADF? tests (rough de-jumping) and from
4.9 to 6.0 for the ADFY tests (finer de-jumping). Hence, allowing for multiple level shifts
does not result in spurious rejection of the unit root hypothesis?. Second, in the case of
multiple level shifts (Modes S4 and S,) standard ADF tests tend to be slightly undersized,
in particular for v = —0.5 and v = 0.5'°. Conversely, despite their generality the ADF?¢ and
ADFY tests display extremely good size properties, with ADFY being only slightly oversized
for moderate sample sizes. Hence, also for models Sy and S, allowing for multiple level shifts
does not lead to spurious rejection of the null hypothesis.

[Table 2 about here]

In Table 2 the size-adjusted power of the six tests is investigated under the local alternative
a =1-"T7/T. In the case of no level shifts, it is immediate to see that the new tests, although
allowing for multiple level shifts, have roughly the same power properties as the standard ADF
tests. That is, allowing for possible level shifts does not deteriorate the power properties of
the tests. The picture changes dramatically when level shifts occur. For Model Sy, standard
ADF tests have extremely low power: power is about 0 for v = —0.5, about 0.2 for v = 0
and about 10 for v = 0.5 (in agreement with Theorem 1, the distribution of the ADF tests
depends both on 7 and on the level-shift process). Conversely, the striking result is that the
tests based on de-jumping have excellent properties, with powers growing rapidly toward the
corresponding asymptotic power envelope as the sample size increases. For T' = 100, power is
about 10% for v = —0.5, 20% for v = 0 and 30% for v = 0.5; for T' = 200 power grows above
20% for v = —0.5, 30% for v = 0 and 40% for v = 0.5. For T' = 400 the rejection rate is about
38% for negative v and 45% for v = 0,0.5. The unit root tests based on finer de-jumping
(ADFY) seems to be preferable over the tests based on rough de-jumping (ADF?®) for small

9This is an important conclusion given that we did not present analytical results for model So.

10This result agrees with the asymptotics of Section 2, where it is shown (i) that in the presence of level
shifts standard unit root tests does not behave according to the standard asymptotic theory even under the
null hypothesis, and (ii) that the ADF test statistics are not longer invariant to the short run parameters 7.
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sample sizes. Note also that for low 7" also the power function of the new tests are affected
by ~; however, as T' grows power is less dependent on +, as expected by the asymptotic
arguments of Section 3. Results for the random shift model S, do not qualitatively differ
from those obtained for the S4 model; in general, the power loss experienced by standard
ADF tests is less severe than for Sy, and our tests have power functions which are closer to
the asymptotic power envelope. Overall, the above power results are extremely significant,
as they show that we are able to distinguish between unit root processes and processes which
are stationary apart from many level shifts even in samples of moderate dimension.

We now turn the attention to the case of tests based on deterministic corrections. As
stressed earlier, this point is extremely important since our asymptotic theory covers the
case of no deterministics only. The suggested approach is to combine pseudo-GLS detrending
with de-jumping in the computation of the ADF® and ADFY statistics. For a time series
X; and for some chosen @ := 1 —¢/T (¢ > 0), the pseudo-GLS detrended series is defined
as X7 = X7 — Y77, where (X§, X7) := (Xo,(1 —aL) Xy), (25, Z7F) = (Zo, (1 —@L) Zy)
and @® minimizes S(@, %) = >, (X7 — ¢¥ Z¥)2. Instead of X;, we detrend the de-jumped
series Xf and X7, see remarks 3.8 and 3.10. Here we consider the case Z; = (1,t)’ and, as is
standard (cf. e.g. Elliott et al., 1996; Ng and Perron, 2001), we set ¢ = 13.5.

[Tables 3-4 about here]

In Tables 3 and 4 the size and size-adjusted power results for the case of GLS detrended
data are reported. All the conclusions obtained for the case of no deterministics carry over:
first, in the absence of level shifts our tests behave as the standard ADF tests, while in the
presence of multiple shifts our tests are not (slightly) undersized as standard tests; second,
although having the same power properties of standard tests under Sp (no shifts), our tests
do not experience the serious power loss of standard ADF tests which occur under multiple
level shifts. On the whole, GLS detrending of the de-jumped time series does not seem to
affect the size and power properties of our tests. The only difference with respect to the
results of Tables 1-2 is that the (still severe) power loss of standard ADF' tests stemming
from the presence of level shifts is partially mitigated by detrending the data.!!

[Table 5 about here]

We conclude this Section by examining the properties of the tests when the innovations,
instead of being Gaussian, follow a Student #(10) distribution. The ADF? and ADFY statis-
tics are computed both using pseudo-t(v) densities with ¥ = 8 (according to the constraints
of Section 3) and using Gaussian densities (denoted by v = c0). Only the size-adjusted power
under Model Sy (raw data) is discussed in the following!?; results are reported in Table 5.

"Further simulation exercises (not reported) has shown that OLS detrending could be used as well instead
of pseudo-GLS detrending. Obviously, OLS detrending lead to different (asymptotic) power properties (cf.
Elliott et al., 1996).

12FExtended tables covering both size and power under models So, Ss and S, are available from the webpage
http://www2.stat.unibo.it /cavaliere/lIshifts.
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First, the power of standard tests is almost as poor as for the case of Gaussian innovations,
ranging from 0 (y = —0.5) to 15% (v = 0.5, T = 400). Regarding the ADF% and ADF"Y tests,
for v = 8 only T' > 200 ensures a substantial power gain over standard tests. By converse, we
found that the tests employing v = oo, although violating the constraint v < r — 1 appearing
in the asymptotic analysis, have power properties close to those observed for Gaussian errors,
with only a slightly stronger dependence on the short run coefficient v. Hence, for sample
sizes comparable to those considered in the Monte Carlo experiment, it seems convenient to
use large values of v, even under non-Gaussian innovations.

5 Conclusions

In this paper, we have proposed a modification of the well-known augmented Dickey-Fuller
(ADF) tests which allows to test for unit roots against stable alternatives in the presence
of multiple level shifts. Contrary to previous results, we do not restrict the number of level
shifts — which occur at random dates and have random sizes — apart from requiring it to
be bounded in probability. Nevertheless, the proposed test statistics have a limiting null
distribution for which critical values are well known in the literature; moreover, they have
the same asymptotic power functions as standard ADF tests under no level shifts. A Monte
Carlo simulation has allowed to show that the new tests behave well in small samples, and
that they can easily account for general deterministic time trends.

The results of this paper can be extended in various directions, which we reserve for further
research. For instance, the number of lags in the autoregressive component of the model is
often unknown in practice and needs to be estimated from the data; hence, it is certainly of
interest to know how the new tests behave in conjunction with automatic, data dependent
criteria for determining the number of lags, such as sequential ¢ tests for the significance of
the last lag or the MAIC developed by Ng and Perron (2001). A second extension would be
to replace the finite autoregression assumption by a general linear process assumption, along
the work of Chang and Park (2002) for the Said-Dickey-Fuller tests. A further important
extensions is to generalize the univariate framework analyzed in this paper to a multivariate
context. As far as we known, apart from the recent work by Liitkepohl et al. (2004) on single
level shifts, so far no contributions which deal with co—integrated systems in the presence of
level shifts have been made.
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A Appendix

The appendix contains proofs of all the results given in the paper. Some lemmas used in
the main proofs are demonstrated in A.1. The argument for Theorem 1 is presented in A.2.
Theorem 4 and related results of Section 3.2 are proved in A.3. Proofs of Theorem 5 are
finally reported in A.4. The following notation is used: as previously, P denotes the sequence
of probability measures induced by model (1) with « = 1—¢/T, ¢ > 0, under assumptions M
and S, and P; is P conditional on Ny > 1; uniform boundedness (convergence) in statements
is denoted as in Remark 3.4, but in proofs may be abbreviated when uniformness is clear
from the context, i.e. (-) < op (1) is sometimes used instead of sup (-) < op (1), and similarly
for Op (-); 7 denotes a number such that max;<7 |e;] = Op (T7), under assumption M(b) the
choice 7 = r~! can be made; asterisk denotes the true values c, and v, in cases of ambiguity;
||.|| denotes the Euclidean norm, but |.||; and ||.||,, norms are also used.

A.1 Preliminary lemmas

Lemma 6 a. If max;<r|et] = Op (T7), then maxy<r |ut| and maxy<r |AY;| are Op (T7);

b. If Ele1["t! < oo, then .1 |AY;[**! = Op (T).

Since ¢, Y_r, and (uj_g,...,ug) are independent of 65 for all t,s, the lemma also holds
under Py, i.e. conditionally on Np > 1.

PROOF. Part (a) is standard from the moving average representation of u; with exponen-
tially decreasing coefficients, and from AY; = (—¢/T)Y;_1 + us with maxs<p [T-1/2Y; 4| 5
maxe(o 1] | Be ()] (see (2) for the definition of B.(s)). Next, since u; is the stationary
solution of u; = Zle ug—i + &, it follows that (ug)**! is stationary and ergodic (Th.
3.35 in White (2001)). Then E|e;|*t" < oo implies by the Zygmund-Marcinkiewicz or
Burkholder’s inequality that E|us|**! < co. By an ergodic LLN (Th. 3.34 in White (2001)),
23;1 lug|**1 = Op (T). From

Z'tTZI |AY;5|V+1 < v Z?:l ’ut|u+1 + CZ/+1T7(11+1)/2 Z?:l |T71/2Y271|1/+1

it is seen that Y"1 | [AYy|*+! = Op (T), since "1, [T~Y2Y;_1[**! < T(max<r [T~1/2Y; )7+
Op (T). W

Lemma 7 Ify, = Og (1), Q € {P, P}, is a sequence of random variables independent of
0s for all t,s under Q, and if Ny satisfies Assumption S(a), then 23;1 8¢ lye] = Og (1) and
maxy.s,—1 |y := maxi<p [6¢y¢| = Og (1).

PROOF. Direct from the definition of boundedness in probability. W

Lemma 8 Ifé; is a sequence such that max;<r |é,—e;—06:0¢| = 0g (T1/2), then maxy.s,—1 é? =
Oq (T), Q € {P,Pi}. Further, T~ ming.s,—1 €7 is bounded away from zero in Py-probability.

PROOF. Recall 0, = TV 2p),. The order of magnitude of max;.5,—; €2 follows from the inequality

max &7 < 3(T max 77 + Iax €7 + I&a%((ét — e — TY26m,)%)
= 0= =

t:6=1 t:6=1 6¢=1
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by applying Lemma 7 to the first two maxima on the right side, and the hypothesis of the
lemma to the last one. The fact that 7! ming.s,—1 é? is bounded away from zero in P;-
probability obtains from T~! ming.s,—1 é7 > ming.s,—1 77 ming.s,—1 {1 — |17;1(T_1/2ét - nt)Hz.
The first minimum on the right side equals [max.s,—1 1; 2] ~* = [Op, (1)] ! by Lemma 7 and
the assumption that ;! = Op, (1), while the second one is 1 4+ op, (1). Indeed, since

—1/4 _ pl/2 —1 s pl)2 _ 1/2
m T < m m Y28, + m = op, (T
max [, (& M)l < max |, ’|:t<aj2{|€t et o] + max fer] | = op, (T/7),

it follows that, with P;-probability approaching one,
iy [t = (e = )| = 1= TV o (o= T = 1+ o, (1),

A.2 Proof of Theorem 1.

Recall that X; = Y; 4 p; where, using local-to-unity asymptotics, 7~/ 2YLT~ ] 2 0B.(-). To
the term 7~/ 2“LT- |=n Zglj 6: (under the specification 1, = 1) we can apply e.g. Theorem

1 of He and Wang (1995), which shows the weak convergence Zglj 8¢ = Py (). Due to the
stochastic independence of n, u;, and Y;, the joint convergence

T 2(Y g, ) = (0Be () ;0P (1)) (13)

on the product space (D[0, 1])*? obtains. Although this is not a topological vector space, the

functional (z,y) — x + y is continuous on the support C[0, 1] x D[0, 1] of (¢B.(-),nPx (+)),

and T*1/2XLT.J 2 6B. () + 9Py (-) = ¢H, (-) by the continuous mapping theorem (CMT).
Note next that (1) implies the following representation for AXj:

k
AXt = /YiAXt—i + g‘t, gt =&+ F(L)A,ut - (C/T)F(L)Y%_l, t= ]., ,T
=1

7

Let VX; 1 := (AXy_1,...,AX; 1), and similarly for VY;_; and Vu,_;. The numerator of
the ADF} test statistic based on Xy can be expressed as (Chang and Park, 2002) T'(a — 1) =
(Ap/T) (BT/TQ)_1 , where

T T ) T ) -1,
AT = Z thlgt — <Z Xt1VXt_1> (Z VXt1VXt_1> <Z VXt1§t> 5
t=1 t=1 t=1

t=1

T T T -1,
Br = Y X2, — (z Xt_lvxg_1> <Z VXHVX{H) <2 VXt_lXt_1> .
t=1

t=1 t=1 t=1

To write the limits of these and other related quantities, we use representations in terms
of stochastic integrals. They follow from Theorem 2.7 of Kurtz and Protter (1991), which
requires the convergence

T2(Y g o pyr g, S e, TV2 S5 60) % (0B (), 0PA (), 0B (), PA()  (14)
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on the space D40, 1] of 4-vector functions with cadlag components endowed with the Skorohod
topology. The convergence holds on the product space (D0, 1])** similarly to (13), and can
be extended to D40, 1] by Proposition 2.2(b), Ch.6, in Jacod and Shiryaev (1987). Thus,
Kurtz and Protter’s theorem delivers

T 1
TS (Vierped) o) 2 [ (@B ). 0P (5) dloB () 0P (5)  (15)
t=1

jointly with (14). Another useful limit is that of M :=T""1 Zthl (Apy, VM;:_1), (Apy, Viry_q)
and its continuous transformations. Since Zthl 6t—ib4—j = op (1) for i # j, while 7_; =0
with probability approaching one for ¢ =0, ..., k, it follows that

M =12 Nrlpiq +op (1) 2 7*Py (1) Tipq. (16)

Convergence is joint with (15) and (14) because 72 N7y is a continuous transformation of
the left side of (14).
We can now prove the following lemma about convergence of product moments.

Lemma 9 Let Qyv denote the probability limit of T—! Zt VY, 1VYt 1, and let Qv be
the constant matriz defined through T-'S ] Vi 1VY] | % o021} fo s)dB.(s) + iy
(see e.g. Hansen, 1992; Phillips, 1987, Lemma 1), where 1y, is a k- vector of ones. Introduce
also the notation [Py] := n?Px(1) for the quadratic variation of 7P (-) over [0,1]. Then, as
T — oo, the followmg converge jomtly

() T2, X2y % 02 [ He(s)2ds;

(it) T~1 3, Xia& ST (1 2f0 Hc(s)+ (I'(1) = 1) [Pa];
(ii3) T~ 1Zt 1 VX 1VXt 1 —>vi+[73,\] Ik = ng;

(iv) T~V S0, X VX 5 15 {0? [) He (s) dH, (s) + [Pal} + Qv

(v) TV VX, 1€t—> -y [Pal;
(0i) TS0 22 % 62 4 [Py (1 +4/7).

ProOF. Convergence (i) obtains from (5) and CMT applied to the functional f — fo 2 ds.
Further the left s1de of (11) equals A1 + As + A3, with the following A;’s. First, A1 =
1Zt 1 Xi—1€ Lo fo (s) by (15) and CMT, since 0 = o.I' (1). Second,

Ay :=T71! thl Xea'(L)Apy, Wthh can be written as

A=—2%[T zxmlAutﬁT Z(ZAut DB+ T Zl(ZAY% ) Ay
J

with vy := —1. The first summation in brackets contributes to Ag with T' (1) T~ .1 | X; 1 Apy+

op(1) & T (1)on fo $)dPy (s). The contribution of the second one is a continuous
transformatlon of M in (16) and tends to (F( ) — ) [Pa]. Since T AY jAp; =
op (1) by Lemma 7, we can conclude that Ay = T'(1) o fo d’P,\( )+ (T (1) — 1) [Py
Third, Az == —T 231 X; 1 T(L)Yiy — —CUQF fo (s)ds by (14) and CMT.

Combining the limits of the A;’s, and recalling that B (s ) satlsﬁes the Langevin equation
dB. (s) = dB (s) — c¢Be¢ (s) ds gives the limit asserted in (ii).
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Convergence (iii) follows from the identity

T T T
TP VXy VX, =T 'S VY, VY,  +T 'SV, Vi, , +B+ B,
t=1 =1 =1
where B: =71 Zthl VY 1Vu,_; =op (1) by Lemma 7. The other two terms have limits
Quy and [Py I, respectively, the latter by (16). For (iv), note that T~ 37 X, VX! ,
equals

T T T

T Y VY + T iy VY + T X1 Vg,
=1 =1 =1

where the limit of the first term is given in the hypothesis of the lemma, the second term

equals TS (1oAY 1, ooy fty_ 1 AY; 1) + 0p (1) by Lemma 7, and converges weakly

to only, fol P (s) dBc (s) by (15), while, again by Lemma 7, the third term equals

T T k
T_l t;(Xt*QAMtfb ooy Xt—k’—lA/Ltfk) + T_l t;(A%utfl? () (; A,ut,i)A,ut,k) +op (1) >

and can be seen to have as weak limit 1} {on fol H, (s)dPy (s)+[Px]} by (15), (16) and CMT.
For items (v) and (vi) we have

!

M=

7! 1 VX 18 = T3V (T(L)Ap, +C+D+E+F5 — 4 [Py],

-
Il

1

.
M=
BLS

I

.
M=
BN

T
247t t}_jl (D(L)Aw)* + G +H%02 + (1+47) [PA],

&~
Il
—_
o~
Il
—

since two kinds of op (1) terms appear in these expressions. First, C :=T—' 1 VY, 1T(L)Apu,,
D:=T'SL Vu, 1e and G := T~ ST &, 1(L)Ap, are op (1) by Lemma 7. Second,
E: =771 Zle VY, 15 5 0 by an LLN for 7! Zle(ut,l, o, u—g) ey and by (15) for
T2 (Yioa, ., Yi_p_1) €, and similarly for F and H which contain overnormalized

contributions of ¢I~'Y;_;. The terms with non-zero limits are 7! 23;1 g2 L o2 by an

LLN, T 57 Wy (D(L)Ag, = (Ot T)M(L, —')Y% — 4 [P5] by (16) and CMT, and

T (D) AR)? = tr((1, =) (1, =y )M) [Pa] (1 + ') by (16) and CMT again.
Convergence is joint since, up to terms with constant probability limits, the left sides

(i)-(vi) can be collected in a continuous transformation of the left sides of (14) and (15). B
From Lemma 9 it follows that, with I'eg :=I' (1) + 1},(Q5¢) "1 [Pa],

T A7 % Dooo? [ He (s) dHe (s) + (Doo + Qv (Q8g) ™1y — 1) [P,
T72Bp 2 o2 f[l) H, (s)*ds.

Since T' (& — 1) = (Ar/T) (BT/Tz)fl, it follows that & — 1, and hence,

T

ra)=r()-1; (é VXHVX{H) B (t; Vthét) +op(1).
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From Lemma 9 we obtain I' (1) % T'. Taken together with ADF; = T (& — 1) /T (1), these
results yield the limit of ADFj in (6) with wp := (1 + (le(ﬂgv)*l — DI [Py /o2

The proof for the ¢ statistics follows similarly. Specifically, as A%./T? = O p (1), see above,
the following equalities hold:

-2 Ar/T
N BT/T2(
= T(@—-1)(Br/T)"*(Cr/T)"* +op (1) (17)

ADF, = Ag/T (BrCr/T® — A%/T®) Br/THY*(Cr/T) Y2 +0p (1)

with (Chang and Park, 2002)
T, T ) T S\ M/
= &~ <2 étVXt_1> (Z vxt_lvxt_1> <2 VXt_1§t> . (18)
i= =1 =1

According to Lemma 9, T~'Cr % 02 4 [PA] (1 ++"7) — 7/ (Q5g) "1y [PA]> =t Os. Hence,
(17) and (18) ensure that

Tooo? [} He(s) dH, (s) + ( oo+le(Q7v’v)—1y— N
1/2 fo 2 15)1/2

ADF, %

)

which is the limit in (6) With w1 = OxI'52072. In the special case k = 0, we have [', = 1,
Coo = 02 +[P)] and 02 = 02, from where the simpler expressions for wg and w;. B

A.3 Proof of Theorem 4 and related results
A.3.1 Uniform evaluations related to de-jumping

Consistent shift detection. The next lemma provides conditions for uniformly consis-
tent detection of level shifts. It is formulated for compacts Az and random functions  (z)
satisfying the hypothesis of Lemma 3, and follows the convention adopted there to denote

sup,ea, f (¢ (2)) by supy,. f(¢)-

Lemma 10 . Let é be as in Lemma 8 and 6; () be defined as in (9) with é; in place of AX;.
IFY ) (1= 6:) "+t = Oq (T), Q € {P, Pr}, then it holds that supy, > 6:(1— 8 (¢)) <
OQ(T~¥=2)/2) and supy,, 3¢y |61 = 8 (Q) | < O (T™{=1/2-(=2)/21),

PROOF. The density ¢, (e;a?) is given by ga™t (1+ 62/(Va2))_(y+1)/2, where ¢ is a nor-
malization constant independent of a. The notation { = ()\,92,02)/ is used for ((z) =
(CA (2),¢%(2),¢° (z)),, with the dependence on z € Ar subsumed.

Conditionally on Ny = 0 it holds that X7, §;(1 — &; (¢)) = 0, so we only need to derive
the Op, (T~(*=2/2)-property of this sum; the Op(T~(*~2/2) property follows by combining
the cases Ny > 1 and N7 = 0. First,

¢, (ét;024+T162 o, (é;02
1—6 (g) (1 - )\) |:1 - % + % (d):(ét;az) ):| §¢V(et(at2+T)02)
. g2\ 1/2 2\ —(r+1)/2 o (v+1)/2
=5 (1 + T?) (1 + ﬁcz) ( u(02+T92)>



On A7 the quantity A~! (1 + T¢92/02)1/2 is bounded by Op, (T"/?), and hence,

miny.s, —1 é§>—(u+1)/2 ( maxy.s,—1 é%)(u+1)/2

01 = 5:(0)) < On (1928, (1 + YT

vo2
Summing over ¢ and accounting for the assumption that Ny = Op, (1) yields the evaluation

T - s 2\ —(v+1)/2 N v+1)/2
3 (1= 8 (€)) £ Op,(192) (1 2 )T (e U,
t=1

vo? v(a2+T62)
Since 02 < Op, (1) on A7 and, according to Lemma 8, T~! min.s,—1 é7 is bounded away from
0 in P;-probability, it follows that 7! (1/02)_1 ming.s,—1 étQ has the same property. Hence,
(1+ (1/02)_1 mings,— é7)~“*+D/2 = Op, (T_(V‘H)/Q). On the other hand, max;.s,—1 €7 =
Op, (T) again by Lemma 8, and since #* is bounded away from zero in Pj-probability on Az,
it follows that v~ (02 + T0%)~ " maxy.s5,—1 ¢7 = Op, (1). Combining the two conclusions yields
S 661 = 6 (€)) < Op, (T~=2/2)_ where the dominating sequence is independent of the
point z € Ar at which ( (2) is evaluated.
The order of magnitude of Zthl (1 —68¢)6¢(C) is addressed next. By evaluating from
below the denominator of (9), it can be concluded that

< T\ ¢, (é;02+T6%)
6 () < I-T-1X) ;,j(ét§0'2)

= (lf’;—lfl\)\) (1 _|_Tg_z>*1/2 (1 . %>(V+l)/2 (1 n V(02§T02)>*(u+1)/2‘

On Az the contribution of the factors containing only A, 6% and o2 is Oqg (T*3/ 2), while the
last factor does not exceed unity. Further, by applying to & = (vo2)~1/2|é;| the inequality
(1 +m2)(y+1)/2 < 20HD/2(1 4 |z|YTh), it is seen that (1+ (1/(72)_1(§t2)(l/+1)/2 < 2+1)/2 |
Oq (1) |é|*** since (62)7! < Og (1) on Az. Hence,

(1=60)6¢(C) ST 32 (1—6;) (Oq (1) + Og (1) [&"+1)

3 5 A ) 19

ST (1 —=64) 8¢ (€) < Og(TV2) + 0g(T73/2) 3 (1 — &) |ég|*! (19)
t=1 =1

where in the second line the inequality Z;‘rzl (1 —6;) < T has been used. Under the hypothe-

sis that ZtT:I (1= &) et = Oq (T) we get Zz;l (1—6¢)6¢(¢) < 0g (T—1/2) . Combining

this result with the first part of the lemma gives Zthl |6y — 5 O] = Zthl (1—6) 5 )+

S 6(1=8:(Q) < Og (T7V2) + Og(T-=2/2). B

Uniform consistency for the autoregressive coefficients. The next lemma evaluates
the uniform distance between Y; and Xtd = X; — Zi,:l dsA X depending on how close d =
(dy,...,dr)" is to the true § = (61, ...,67) , while Lemma 12 establishes the distance between
the OLS estimators in the ADF regression based on X and that based on Y;. For the reasons
that motivated the format of Lemma 3, see Remark 3.3, d is treated as a random function of
a real vector. For example, it could be that d(z) = 6(¢(2)), where the components of 6(-) are
the functions (9), and ((z) are as in Lemma 3; other choices will be made too. The domain of
d is restricted to a set G such that, for some 3 > 0, sup,¢g,. Zle |di(2) — 6] is dominated
by an Og (T_1/2+f6)—sequence, Q € {P,P1}. In the example d(z) = 6(((2)) we could take
Gr = Ap and 8 = 0, under the assumptions of Lemmas 8 and 10, and for v > 3. Below the
dependence of d on z is subsumed, and sup,cg,. f (d(z)) is abbreviated to supg,. f (d).
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Lemma 11 Assume that the domain of d is a set Gr such that supg, S lde — 6 <
Op (T~Y2+8) for some B > 0. If maxi<r |et| = Og (T7) with 3+ 7 < 1/2 and B < T, then
for Q € {P, P,}:

a. supg i<t |V — X,fl| < Oq (Tﬁ) and sUpg,.;<T |X,§i| < Oq (T1/2);

b. SUPG .i<T ST LAY — AXE| < 0g(TP), supg,,. |AY; — AX{| < apéy + by with ap =
0q (T7), by = Og(T~12+547) | and supg, 4<r |AX{| < Og (T7);

c. supg,, |Ar X% — A7Y,|| < ard, + br and SUPGt<T [ ATXE|| < Oq (T7), with §; =
Zi':ol 01—; denoting the number of level shifts between periods t —k +1 and t, ar = Og (Tﬁ)
and by = Oq (T_1/2+ﬁ+7).

PROOF. Inserting X; = Y; + T1/2 Zizl 0sng and AXy = AY; + T1/26t77t in the definition of
X gives

t t
X¢ =Y, == 3 6sAY + 3 (65 — ds)(AY; + TV264m,), (20)
s=1 s=1
AXI — AY; = —6AY; + (8; — dy) (AY; + TV268;m,).
Thus, from the first equation,
t t t
;- X < 2. 8| AYi| + [max | AY| + T2  Balnsl] 32 185 — dal (21)

< 0q(1)+ |0q (T7) + 0g(T*?)| Og(T™H/*F) = Og(T?),

with orders of magnitude taken respectively from Lemmas 7, 6(a), 7, and from the hypothesis.
This is the first relation in (a). Together with max¢<y [Y;| = Op (T 1/ ?), it implies the other
relation there.

The right side of the first line in (21) is an upper bound also for 3'_, |AY; — AXY|, and
with ¢ = T the first relation in (b) follows from the above argument. Next, from the second
equation in (20),

T T
IAY; — AX?) < 6(max |AYy| + T2 max |n,| 3 |6¢ — di|) + max |AY;| 3 6 — dy] ,
t:6=1 t:6p=1 t=1 t<T =1

from where the expressions for ap and by in (b) can be read. Their orders of magnitude follow
as in (a). Further, supg,. ;<7 |[AX{] < supg,..cp |AY; — AXE| + maxi<r |AY;| = Oq (T7) by
the above evaluation, Lemma 6(a), and since 8 < 7.

A vector version supg, ||[VY; — VX¢|| < 8:ar + kbr obtains readily. Together with
(a), it gives for Yy = (V;, (VYy)) and X¢ = (X2, (VX$)') the first relation in (c). Since
max<r ||A7Yy|| < maxi<r |T~Y2Y;| + kmax,<r |AY;| = Og (T7), it holds further that

sup ||[A7X{|| < max [[A7Y||+ sup ||[Ap(X{ —Y,)|| < Oq (T7) + arNr + br,
Grit<T t<T Grit<T

which is Og (T7) for < 7. B
Lemma 12 Let (&g — 1,%}) and (&y — 1,%y) be the OLS estimators for the regressions
AXE = (a—1, 7’)Xf_1+err0rt and AY; = (a—1,~")Y_1+errors respectively, and 6’?[ and 6%/

be the residual variances. Then, under the assumptions of Lemma 11 with 3 = 0, it holds that
supg,. H (T(&q — ay), T2 (3, — Ay H = Og (Tr—1/2) and supg,, ‘63 - 5%,{ =0g (Tr—1/2).
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PRrROOF. From (1) it follows that AY; = v, VY1 + €, & := &t — (¢x/T)T« (L) Yi—1, which
upon insertion of AY; = AXE (AYt - AXf) and VY;_1 = VXf,l + (VY — VXffl)
becomes AX{ =~/ VX? | + & + T\ (L) (AXZ — AY;). Hence,

(T(ay —1),T"?5y) = TY%(0,4,) + (ST 'SE,
(T(aa—1), T4y = TY2(0,9.) + (ST + R '(SL+ BRI+ Rly),  (22)
w1th matrices S¥; 1= T1 Zthl ArY 1 (ArY, 1), ST, = T-1/2 Zt 1ATYt 1AY}, RE =
1AT[Zt:1 ngl(ngl)/ - 23:1 thl(thl)/]ATa Rr{ = T_I/QA Zt 1( - Y 1)€t

and RIG =T712Ar Z;‘F 1 X4 T, (L) (AX{—AY;). We argue for the existence of sequences
= Og(T7'/?) such that Supg,,. HR 1] < TU, and then use that ST} and ST, are well-known
to be normalized properly for non—degenerate convergence.
First, || Rfy|| < (max<r |[ArX{y|[+maxer | AT Yo |). T L [|ArXE  — ArYe||.
It is seen from Lemmas 6(a) and 11 (with 8 = 0) that the two maxima are Og (T7), while
the summation is bounded by 7'~1/2 Z;‘F X2 =Y+ k Zthl |AY; — AX{| < Og(TY?),
all uniformly on Gp. Hence, supg,,. ||R]}|| < Oq(T7~ 1/2), Second,

IREI < 771 | ST (X = Yin)er| + T2 || S (VXE - VYa|
The difference under the absolute value can be written as
S (X = Vi )E = (X — Yro1)é — S (AXT — AY) Y &
by partial summation. Therefore, the absolute value itself is bounded by

max & max | X{' = Yl + max| Y0 @ Yy [AX] = AYi| < Og(T'?)

since maxyer & < maxycr e+ (1,1 + 1) (¢/T) maxpr [¥i] = Og (T7), maxer | X8 — i <
Og(1) by Lemma 11(a),

t t 1/2
ma | 35 @l < mae | 70y ol + (1l + 1)/ T) mae | Xy Yioa| = Oq(T%),

and, by Lemma 11(b), supg,, 23;1 |AX@ — AY;| < Og (1). Further, still by Lemma 11,

| (VXL = VY@ < maxjal S IVXE, - VY0l < 0 (T7) Og(1)

uniformly on Gr. Combining the above evaluations gives supg,, ||R%,|| < Oq(T7/2). The
boundedness of supg,. || Riy|| is obtained similarly:

|RivIl < T~ 1/Q(II%klllJrl)lﬂflaXIIATXt 125 JAXT = AY)| = Og(T771/2).

Returning to (22) and accounting for the identity (S% + RT)™' = (S%)~! — (ST, +
RT)7IRT (SE)~1, it obtains that

(T(aq — ay), TV (34 — 4y)) = (ST) MR, + Rlg) — (ST, + RT) ' RTy(STh) (ST + RY, + R
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To evaluate the norm of this expression, note that for outcomes such that || R |[||(ST) Y| <
1, the inequality |[(STy + RT) | < 16SH)~1I(1 — IR IIISH) )" holds.)® Define
Fr o= {w:rf <||(SH) 77t} they satisfy Q (Fr) — 1 since 1]} = Oq (T_1/2+T) and
S11 converges to a positive definite limit. Now

ST 7HI(re + 719) = ril(ST) THISTell + rie + ri) /(1 = il [(ST) D)

is an Og (T~1/2*7)-sequence dominating supg,. || (T (&g — dy), TY2(54 —Ay)") || for outcomes
in fT.
For the residual variances we have

T
si—ot = T [(AX? - AVP] - (10— 1), 40 RL(T A (6a - 1).30)

—(TY?(&q — dy), Ag — Ay) ST (T (G + ay), q + 9y) s
and since || Y] [(AX{)2 — AY2] || < (maxp<r [AX{|+max<r [AY;]) SF |AXE — AY;| <

Oq (T™) uniformly on G, see Lemma 11, from the previous argument it follows that, for
outcomes in Fr, supg,, |65 — 63| is dominated by an Og (T -V 2*7) sequence. W

A.3.2 Proof of Lemma 3

The proof of items (a) to (c) is straightforward from the results in the previous section. We
start by verifying that é; = A X, satisfies the hypotheses of Lemmas 8 and 10, which yields
item (a) and the first relation in item (b) of Lemma 3, provided that 3 < v < r—1. Indeed, in
view of assumption M(b), max;<r |et| = Og (I") with 7 = r=1 < 1/4, and by Lemma 6(a)
also max;< |ug| = Og (T7). Together with max;<r|Y;—1| = Og (T1/2), this ensures that
maxg<r |[AX; — & — T1/26t77t\ < T lemaxicr |Yio1| + maxi<r |wi] = 0g (Tl/z) as required
in Lemma 8. From here it is straightforward that max;<7 |[AX;| = Op (Tl/ 2), which will
be used below. Further, (1 — &) |[AX;["*1 = (1 — &) |AY; "1 and 37, (1 — &) JAX " <
Zle |AY;|"T! = Og(T) by the hypothesis, Lemma 6(b) and due to the choice v + 1 < r,
implying that Lemma 10 is applicable too.

In view of item (a), we can invoke Lemma 12 with d(z) = 6(¢(2)), Gr = Ar, to get item
(c). The two remaining relations in (b) obtain as follows. First,

= Vor ! ETj(ét — & (C))AXtQ

T
H <<1>9T, cp%) e 3 (61~ 8) AX? Py

T
< V2T max AX? L 18—l < Oq(T™?)

since max;<r |AXy| = Op (TY?). Substituting next (1—§;)AX? = (1—6&)AY? and
0t AXy = 6i(AY; + Tl/gnt) and passing to the limit gives the relations.

_ Consider now the Jacobian ®7.(¢). It is checked directly that, for 64 (¢) defined in (9),
96¢ (€) /9¢" = 8¢ (¢) (1 — 61 (¢))vr, with

_ 1 Oln[, (é1;0%+T62) /¢, (é1;0%)] OIng, (ér;02+T62) '
Ut =\ Xa=T-Tn)’ 902 ’ 962 :

131t follows e.g. by taking norms on both sides of (Sﬁ + Rfl)_l = (ST~ = (SH) 'R (Sﬂ + Rfl)_l,

evaluating the norm of the right side, and solving the resulting inequality for || (SlTl + Rﬂ)_l I
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From here @7, ((), can be written as @ (¢) = TS0, 8 (€) (1 — ¢ ())wyev}, with wy =
(T, —AX? AX?)", and can be evaluated as follows:

H(I)/T (C)H < 3It11<372< vt ]] oo max HTﬁlU)tHOO i N (QIeE= o (©)), (23)
< < t=1

where .||, is the max-norm in R3. To show item (d), we discuss the factors on the right side
separately. Start from the components of v;. First,

dln o, (¢4 02 +T6? 11 E? 1
( 3 ):__ﬁ[l_(y—i_l)—tv](T),
(a2, 6%) 2024+T0 1+ E:

where B2 = AX? (v (24T 92)]71. A similar expression (with a different £?) obtains for
d[Ing, (é;0%)] /0o?. Using that E?/(1+ F?) < 1, it follows further that

dlng, (ér;0?)

v+2
< Z£2 and 502

202

96* 202 do?

oln g, (é;02+T0?) ’ i

dln ¢, (é;02+T062) ’

' < Lz (24)

with all right sides Og (1) on Ap. Also A™! (1 — T_l)\)_l < (ming, A) 7 1-T"'maxy, A\) ! =
Oq (1) on Ar. Hence, supy,..<r ||ve]l o < Og (1). The other terms on the right side of (23)
are S8, () (1= 68,(0)) < 1 16: — 6:(Q) | < Og (T*1/2) uniformly on Az by Lemma
3(a), and max;<r [T wy|| = max{1, T~ max;<p AX?} = Ogq (1), see above. Item (d)
obtains by inserting the obtained orders of magnitude into (23). B

A.3.3 Proof of Theorems 2 and 4

EXISTENCE. To be able to invoke a standard fixed-point theorem, we set up an auxiliary
fixed-point problem for a new mapping defined by centering, normalizing and truncating ®
in a way such that it maps a compact onto itself. Existence of a random fixed point for that
mapping is classical, and it turns out that with Pj-probability approaching one, the same
point is a fixed point of ®p.

Let Ap = A} x A% x AZ with A = [-1/2,1/2], AS = [1/2,3/2], and AS. = [02/2,202].
Further, let ¢ : Ay — R3 act on z = (2%, 2%, 27) according to ¢ (2) = (2* + Np, Hp2%, 27),
and let O7 = ("1 o &7 0. Under P; we have Hr # 0 a.s., and hence, O is well-defined a.s.
Further, let ©F : Ay — Ap be defined component-wise: for v € {), 0,0}, @?’” (2) = O (2)
if 0 (2) € A%, O (2) = min A% if O3 (2) < min A% and 5" (2) = max AY, if OY (2) >
max AY. Since ©F is continuous and Ar is a convex compact, ©F admits a random fixed
point Zp € Ap. This is guaranteed for example by Theorem 10 in Bharucha-Reid (1976).

Since, in view of the evaluations in Lemma 3(b), O7(31) = ¢ ((Nz, Hr,02) +op, (1)) =
(0,1,02) +0p, (1), and since the point (0, 1, 02)" is interior for Ar, it follows that P, (O (27) €
A7) — 1. Note next that for outcomes such that Or(zZr) € Ar we have zp = OF(zr) =
Or(zr), i.e. ET = ((2r) is a fixed point of ®7. Hence, Zr is a random fixed point of 7 on
A7 with Pj-probability approaching one. B
UNIQUENESS. This part of the proof uses a contraction argument. Let g; and 53 have the

properties of 6T from the existence part of the theorem. Fix ¢ > 0. Since Hr, 61T and 6; are
bounded away from 0 in Pj-probability (by Lemma 8(a) applied to n; * for the first of them),
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there exist a constant [ > 0 and a set .4; with Py (A;) > 1 = €/10 such that for outcomes in
Aj it holds that Hp > 2, 6; >l and 53 > 1, where for 6} the inequalities are satisfied by
each component. Similarly, since Hr, Np, 61T and 53 are Op, (1) (again by Lemma 8(a) for
the first of them), there exist a constant > 2l and a set Az with P; (A2) > 1 — ¢/10 such
that for outcomes in As, Hy <1, Ny <1, EIT <7 and EQT <1

Define the compact K as [min(l, 1/2), 21] x [L, 2[] x [min(c2 /2,1), max(20%,1)]. This choice
ensures two things for outcomes in A; N Ao. First, that élT € K and zzT € K, and second, that
the point (N7, Hp,02)" is interior for K and at distance from K bounded from below by a
positive number. In view of the latter, it follows from Lemma 3(b) applied to A7 = K and
¢ (2) equal to the identity function that there exist an A3 C A3 N.Ag with Py (A3) > 1 —¢€/4
and an integer T3 such that for outcomes in A3 and T' > T3, &7 (K) C K. By item (d) of
the same lemma, there exist Ty > T3 and a set Ay C Az, with P; (A4) > 1 — ¢/2, such that
for T > Ty and on Ay, sup¢eg [|(@7)¢|| < 1/2. Thus, under the same conditions @7 is a
contraction, and for each outcome in A4 it has a unique fixed point by Banach’s fixed point
theorem.

Consider finally 75 and A5 with P (As) > 1 — €/2 such that for T > T5 and outcomes in
As, @T(igp) = 6; and @T(ng) = ng This is possible by the choice of g%p and 6; Then for
outcomes in A; N As N A5 and T > Ts both &;" and &; are fixed points of ®7 on K, while
for outcomes in A3 N AN AN A; = Ay N A5 and T > max (15,74, T5) , ng and &; must be
equal to the unique fixed point of &7 on K. Since P; (44N .As) > 1 — € and € is arbitrary,
this means that Pl(ap = &?p) —1. 1
COMPUTABILITY. This proof uses a contraction argument too. Let K := K U {70}, where K
was defined in the previous proof. As in the previous proof, there exist a set By C A1 N As
with P; (B1) > 1 — ¢/2 and an integer T such that for outcomes in By and 7' > T, & is a

contraction of K onto K and ET e K, with ET standing for any of EIT and &’3" Further, there
exist a set By with P; (Bz) > 1 — €¢/2 and an integer T, such that for outcomes in By and
T > Ty it holds that CIDT(ET) = ET. Hence, for outcomes w € By N By, with Py (B1NBz) > 1—¢,
and for T' > max (T3, T5), the sequence of iterates of 7 converges to its unique fixed point
{7 (w) on K. Convergence is again implied by Banach’s fixed point theorem. W

The remaining statements in Theorem 2 and Theorem 4 follow in a straightforward way
from Lemmas 3 (with A7 as in the existence proof) and 12 (with d(z) = §(((2)), Gr = A7),
and from (2).

A.4 Proof of Theorem 5 and related results

The role of the compact Az from the proof of Theorem 2 is played here by Dy c RT*k+4
defined as Dy = [[,cy D%, V = {8, A, a,7,0,0}, with factors D = {2° € R : ST |zf| <
T-Y24P} Dy = [~1/2,1/2], D% = [T~ Y/24e, 7-1/20] DY = {27 € R¥ : [[27 — 7,|| < 1},
DY = [1/2,3/2] and D. = [02/2,202] , where p > 0 will be chosen as close to 0 as convenient.
The point at which U is evaluated is specified as a transformation &(x) with components
d(x) = 2%+ 6 with § = (61,...,67)", A (@) = 2>+ Np, (a,7') (z) = (22, (27)')', 6 (v) = Hya?
and o2 (z) = 2°. It will be shown that there exists a random sequence x7 € D such that
P (Ur ({(xr)) = &(xr)) — 1. The argument uses properties in the spirit of Lemma 3 that
are worked out next. The notation sup,cp,. f(§(z)) = supp, f(§) is employed, and the
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argument x of £ and its components is subsumed.

A.4.1 More lemmas

Recall the notation Xt‘l’ = X; — Zi:l \IJ%SAXS (Xéi = X — Zizl dsAX;) and 621’ =
AX; — \I/;JA/ATXZIil (ef == AX; — (a,7)ArX{ ).

Lemma 13 Let 3<v <r—1,p<7, p+7<1/2 and 2p(v+1) <1, where max;<r |e¢| =
Op, (T7). Then:

supp, 31y |60 = iy| < Op (T74/?), supp, S0, (1 = W) < Op (T-72/%);
SUbpy, Sy 010G, (1= Uh)) < Op (T71+ T=0=2/2) where §;_y = Zf:l Ot—i;
Supp,. H\Ijgﬂ - (Tl/Q(dY - 1)?’%/)/" =0Op, (TT?l);

supp,. 3y Wyle}’| = Op, (T'/?);

supp, ||(V4 — Hr, 97 — o2)|| = Op (T71/2).

® 0 S8

PROOF. Note that maxi<r |et| = Op, (T1/4) since E |e1|* < 0o under Py. Thus, the assump-
tions on p are not restrictions on the studied processes, since in the definition of D arbitrarily
small positive p can be chosen.

To get item (a), we apply Lemma 10 to é = ef, Ap = D x DF x D and ((z) =
(z* + Np, Hpa%, 27)'. To claim that the resulting evaluation of Zthl |6; — WS, | is uniform
over the whole D, we use that egl do not depend on ()\,02,92) and have the properties
required in Lemmas 8 and 10 uniformly on ]IDgfW = D& x D% x D7.

First, ef — & — T1/26t77t — (v, — ) VY;_1 are evaluated. They equal T 12qY;, 4 —
T e, (L)Yi_1—(a,y)Ap(X¢ | —Y;_ 1), where [T~ Y2a| < O (T~ and [|(a,7")]] < O(1)
on D% x D}, while max;<7 |Y;—1| = Op, (TV?), and to ||Ar(X¢ ; — Yi—1)|| Lemma 11(c)
with d (z) = 2% + 6, x € D7 and 3 = p can be applied. Combining the orders of magnitude
gives

SUpgaur |6 — 0 — T8, — (1. — %) VYi1] < Op, (T7) 811+ Op, (T7V/240%7). (25)

Since maxi<r ||[VYi-1|| = Op, (T7) by Lemma 6(b), it follows that supsa- {ef —&— T1/26t77t’ =
- T

op, (T 1/ 2) given the assumptions on p and 7. This is a uniform version of the hypothesis of
Lemma 8.

Second, we verify that SUP psay Z?:l (1 — &) |ed|**t1 = Op, (T) as required by Lemma 10.
Indeed, according to (25) it holds uniformly on D3%7 that (1 — 6;) [e[ 1 < (1 — 6;) 4¥[|er|* T2+
e = M THIVY |7+ (8621)" 1 Op, (TV2) + op, (1)] due to the choices p (v + 1) < 1/2
and p +7 < 1/2. Further, with v 4+ 1 < 7 we have Elg["*! < oo, so that 31 |e[* T =
Op, (T)and 3.1 [[VY,_1|["*! = Op, (T) by Lemma 6(b), while 3.7, (8;_1)*+! < B+t Np =
Op, (1). These give the required uniform order of S°7_, (1 — &) |ef|**!. Having verified the
conditions of Lemma 10, we obtain the orders of magnitude of the suprema in (a).

In item (b), 0 < 30, 8160198, (1 — Why) < N 1, 8,(1— W) < Op, (T~2)/2) by
(a). Thus, it remains to evaluate Z;‘F:l(l —64)0i1V5, (1 — Uh,) < Z;‘F:l(l — 6¢)61—1V5,.
From the first equation in (19) written for \Il5Tt and e, multiplied by 8;_1, and summed over
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t, the last summation is seen not to exceed

T T
Op (T7%2) 3 (1= 60) 81-1 + Op, (T72) 32 (1= 6¢) Sl *,
=1 t=1

~

where -7 (1 = 6;) 8,1 < kNp = Op, (1) and Y7, (1 — &;) 8;_1]ef[*+! is dominated by

2| max e + [ly, = A" max [[VY, ||| Np o+ Op (TP D) (Np) +2 + op, (1),
t:0¢-1>0 t:04-1>0

which is Op, (TP**+1), p (v + 1) < 1/2, according to Lemma 7. Combining the above orders
of magnitude delivers item (b).

Item (c) with op, (1) = Op, (TT_l/Z) follows from item (a) and Lemma 12 with d(x) =
U9.(&(x)), Gr = Dr. Further, item (c) and the standard properties of (&y, %/)/ im-
ply that supp, [W%7]] = Op (1), supy, W8] = Op, (T712) and supy, |17, — V3| —
Op, (Tﬁl/ 2). These are useful in a derivation similar to that of (25), but this time invoking
for supp,. [JAr(X"; — Y;—1)|| Lemma 11 with d(z) = Ue(&(x)), Gr =Dy and 3=0:

suplef —e — T"28m,| < Op, (1)8-1+ Op, (T7 /%) + sup ||, — || max |VY |
. <

Dy

= Op ()81 +Op(T772), (26)
since maxy<r ||[VY;_1|| = Op, (T7) by Lemma 6(a). From here supp, ;<7 |ef’| = Op, (T%/?), and

T 56 T 5 T
D1 hylef | Dot Yy — Sellel| + D1 Sele}|

<
< max|ef| (L Wy — & + Nr) = Op (T'/2)(Op, (T7/%) + O, (1)

uniformly on Dy, from where item (d).
Finally, item (e) can be derived starting from

sup

up | (W4, 9F) — 77 S (501 60) ()| = VT sup | (W — 80 ()
T T

<Var! sup (63)2 sup Z?:l |\I’6Tt — 6| =Op, (T_1/2)-
Dy t<T D

Next, by applying to u = ef and v = ¢, + T28;m, the inequality |u? — v?| < |u— v[z +
2 |u — v| |v|, and then (26) to evaluate |u — v|, it is seen that

b T3 (1= 6,6) [(63)2 — (e + T1/26tnt)2} H =Op, (T*1).
T

Inserting 7 = r~! < 1/4 and combining with the previous display concludes the proof of (e).
[

Lemma 14 Let Assumption M (b) be satisfied with r > 5, and let the arguments of U
be collected in W = {dt,a,%,)\,GQ,az t=1,...,T;i= 1,...,k}. Then, for 4 < v <r—1

and p < 3/5, [[(Yr)ellt = X wew 2vew (Y1) satisfies supzep, [[(Vr)gle=¢(w) 1 < o, (1),
where & (x) is the function defined in the introduction to section A.J.
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In the proof the symbols (-);, and 9(-) /0w are used interchangeably for Jacobian matrices,

and preference is given to the latter symbol when there is a possibility of confusion with matrix
transposition. All evaluations are uniform on Dy, but for brevity sup-signs are omitted. The
hypothesis with » > 5 implies that max;<7 || = Op, (T7) with 7 = 1/5.
PROOF. 1. Derivatives of Wy : |[(W5)ll1 = Y yew Soimt |(¥5y)h| < Opy (TPF771/2). In
the expressions for the derivatives, \If‘sTt (1 — \IJ‘STt) appear frequently and are abbreviated to
¥%,. As a corollary of Lemma 13(a), Zthl V5, < Op, (T‘l/ ?), which is essential for obtaining
convergence of the derivatives to 0.

It is checked directly that (U4, )} = ¥4, A~ (T — X) ™', so that [|(T5)4]11 = S0, [(T5,)4] <
Op, (T_l/ 2) on D7. Further, for an argument v different from A,

(UF0), = ¢e(n £, (27)

where f, = ¢, (ed;0? + T0%)/¢,(ef; 0%). The cases v = (02,0%) and v = (d’,a,7’) are con-
sidered separately. First, for v = (02, 6%) the derivatives in (In f,), are Op, (1) on Dy as in
(24), and thus, $7, [[(W4, 411 < Op, (1) 5L, hy < Op, (T-/2).. Second,

(0 £y = 0+ 1) |hled vo?) + hed, v(0? + TOD)] () g0

where, with & (z,y) = x/y[l + 22/y]~1, the factor in front of the derivative is bounded in
absolute value by (v + 1) {(vo?) =2 + [v(02 +T6%)]71/2} /2 due to the inequality |h (z,y)| <
(4)"Y2, 4 > 0, and on Dy does not exceed the constant K = 2 (v + 1) /y/v/o2, while the
derivative has components

(eg)/(a,fy’) = ATXg—l and (6?)&3 = (T_l/gaa’yl)l[tsAX.Sv s = 1a "'7T7 (28)

with I;s the vector of indicators (]I{sgt,l}, [fs—t—1}, ...,I[{s:t,k})/. Hence, recalling (27),

() (a1 = ZH(‘I’Tt)M H1<KmaXHATXt 1H12¢Tt<0p (T71?)

since the maximum is uniformly bounded by Op, (T7), Lemma 11(c, § = p). Similarly, by
retaining only terms corresponding to unit entries of Iy,

\|<\IJT>d|rlfz2|<th>dS\<szT lof 772 5 AKX+l 3 [AX.]. (29

=1s=1 s<t—1 s=t—k

Further details are worked out using AX, = AY; + T1/26517S and |AX;| < maxi<7 |AY;| +
/28, |n,|. On the one hand, >t 1 [AXs] < Op (T +1Y2 0 85 |0 = Op, (T7H1)
so that Zthl ijt >os<i—1 [AXs| < Op (TTH) Z;le W}t < Op (TTH/Q)» and since |a| <
T-1/2%° on Dy, the contribution to (29) of terms involving this factor is Op, (TP+T_1/ 2).
On the other hand, Z k |AX| < k;maxKT |AY;| + TV28,_1 maxy.s,—1 |n,| = Op, (T7) +
85-10p, (T*/?) 50 that Zt:l Ve Semt i |AXS] < Opy (T7) Xy e +Op (TY?) S, 8e-19y <
Op, (TT*I/ 2) by Lemma 13(b) and the choice v > 4. Combining the obtained orders of mag-
nitude gives ||(\II5T)’£||1 < Op, (TP*7=1/2) uniformly on Dr.
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At a later step it is used that Zwew t 164 ‘(\Ili}t } < Op, (Tp 1/2): everywhere above
S i_i Wy < Opy (T7Y/2) becomes Yot Gty < iy 8ol — W] < Op (T7072/2), v > 4,

2. Since U} = Zt L U9y, it holds that >, i (U0 < Y ew Zt @)L <
OP1 (Tp+7-71/2)'

3. Derivatives of U%". Recall that U2 = [ ApXY | (ArXY )PS50 ArX Y  AXY.
The components of ¥7:” depend on ¢ only through X;¥. With S¥ y = ST APXY (ApXE )
and with derivatives 9(.)/dds that here happen not to depend on the point d they are eval-
uated at, it is checked that (¥7:7)], equals [SY X]fl postmultiplied by

T
Ar Y-

t=1s

I [ oxd d (Xt Ag) 8
{ L [AXY - (AT 057] + XP 25 - 2pdn) g | 25t

Z_
I 4 U\ /0y 1% U/ a,y o o
Z t ZH [Mis [(ApXY )03 — AXY | + X7 T ApUET] — X 8 AX S5k
s=1 s

(a prime denotes transposition). Since T_lS)‘Ié y converges to a non-singular limit (see the

proof of Lemma 12), the order of magnitude of (¥3”)!, is determined by 7! times the

expression above. Thus, if Z; denotes the term in braces in this expression, it follows that
a, a 6\
12"l < Op, (T7) ZIIIZSII |AX | [(Y7)l, (30)
s=

where || Z|| < 2[| 14 ATLS(ATX D12 1 ArLis AXY || ]| ArX ||, and
Z:?F:sﬂ AT]Its(ATX;,I’—ﬁ/ = (T_1/2 Zt:s-i—l X;,I’—la X Xs+1H{s+1<T}7 7X;I[+kfl]l{s+k—1§T}) Ar
has norm bounded by (Tl/2 + k;) maxs<r HATX;I’H, while the norm of Z;‘F:SH Arli s AXY =
AT(EtT:s-H AXY, AX;I’H]I{SHST}, s AX;I;,CH{SJF,&.ST})’ does not exceed (k + 2) maxs<r HATX;I’H
Hence, accounting also for the relation |[¥77|| < Op, (1) implied by Lemma 13(c), it obtains
that maxs<7 || Zs|| < Op, (T1/2) maxs<r HATX;I’H Inserting this into (30) together with
|AX;| < [AY:| + T28|m,| gives

T T
WY, < Opy (T7) max || ArXY | {maxmm S 1)l + T2 max [n,] 3 6s|<w%s>;,|}.
s<T s<T s—1 t:6s=1 s—1

Since max<r [[ArXY|| < Op (T7) (Lemma 11(c), 3 = 0), maxyer [AY| = Op, (I7)
(Lemma 6) and max.s,—1 [,| = Op, (1) (Lemma 7), while 3" oy |[(¥5)5,|[1 < Op, (T p+T—1/2)
and 3", ey SO 6, [(U5,),| < Op, (TP71/2), it obtains that 3", oy [|(E57),|| < Op, (TPH7-1/2).
This property is shared by H(\Ifa Jell1-

4. Derivatives of W and U§. First, (09.),, =T ST (W) (e 2427 2L ws e (e,
where

T T
7 Z(‘I"S:pt)éu(ef)Ql < T max(ey’)? 30 (95, )| = Op (1) [I(27 )5l and

t<T t=1

T
s Z Whie! (e Yl < T2 35 Wi el | T4 mae (e Yol < O, (T717) mae| (e} )y
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the latter inequality by Lemma 13(d). From these evaluations and H(\II‘ST)’{\ 1 < Op, (TPH7=1/2)
it follows by summation over w € W that

(W)l < Op (T7Y2) 32 max|(e)'),| + Op (T7F7712). (31)
weW =
Thus, it remains to study (eff ),,. With W’ = W\{X, 02,6}, these are (e} )}, = >, cyp (€)1, (¥4,

and (ef)! are components of the derivatives (28) evaluated at d = (\I/‘%l,...,\IITT)/ and
(a,7") = vZ". For any w € W,

M=

| (D), (W)l = 177205 3 AXR(Th,)i, + Z (U7)e-nAXn (U)ol

h=1 h<t—1 h=t—k

< a8 [TV 3 ()00 4 1R Y (W)
< h=1 h=

< .
where maxy, <7 |AX}| < maxg<r |AY;|+TY2 maxg.s,—1 [n,| = Op, (T1/2) ,|We| < Op, (T~1/?)
and [|¥%|| < Op, (1) on Dy, so that

£ maxl 2 (), (Wl < On (T )[0p, (1) + HIWHI] 32 |l < On (177,

wew t<T

(32)
In view of the expression for (e})!, and of (31),
102D)ell < Op (T742) max||(ef) g ) (UF el l1 + Op (T7F712), (33)

where (ef)’( ) is read as a row vector. The maximum is bounded by Op, (T””T*l/ 2) since

a,
it does not eZ(ceed H(\If‘”) |1 max;<7 [|ArX} {||1 and the two factors are bounded respec-
tively by Op, (T"*7=1/2) and Op, (T7). Hence, (@)l < Op (TPH27=1 4 TPtT 172y =
OP1 (Ter-rfl/Z)'

The order of magnitude of [|(¥F)¢|| follows from a modification of the argument for
W Now (U5), = T 0, (W), (ef)? + 201 S0 (1 — Wh,)ef (ef ), and the first
summation has already been shown to be Op, (T?*7~1/2). For the second one, the following
evaluation can be used:

T
7 Z(l = WUy)ey (e )| < max|(1— ‘If‘sTt)eél’\T_lt; O

The maximum does not exceed max.s,—g e}’ | + max;<r |e)| Zle |6 — WS,| < Op, (T7), see
(26). Regarding the summation, instead of (32) and (33), now

zwé \hi(et)dh(w ol < O (TY)(0p, (1) + kW (L)l = Op, (T77),

[1(2F)el 1

IN

T
Or (177) t; 1) (a0 (7 )ell + Op, (TP,
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so that [[(UF)¢[lr < TTH(\II?AY)QHI TS )|AZXY |1+ Op, (TPH7-1/2) = Op, (TPt27-172)
since 3/ [[ArXE |11 < S AT Yl + S0 X = Yo + XL [AY: - AXE| <
Op, (T) by Lemma 11(a),(b) with 8 = 0.

To summarize, among the considered finitely many blocks of the Jacobian matrix the
highest magnitude order is Op, (TPHT*l/z), which for p < 3/5and 7=1/51is op, (1). B

A.4.2 Proof of Theorem 5

The argument is similar to that for Theorem 2. Let p > 0 be chosen sufficiently small
for the hypotheses of Lemmas 13 and 14 to be satisfied. For x € Dy and £ (x) defined in
the introduction to section A.4, let Zp = £ 1o Uy o &; it is well-defined Pj-a.s. Further,
let % : Dy — Dr be obtained from Z7 by truncating it as follows: (Z)%(z) = =5 ()
if :ﬁ}( ) € Dy and (E5)%(z) = Tp’1/2"5( /S |28, (2)] otherwise, (EX)Y(z) = =1(z) if

=)(x) € DY and (S)7() = 7, + (E4(2) —7.)/IIEH(®) ~ 7| otherwise, and 53, =5, =6, =5
deﬁned snnllarly to the components of ©F in the proof of Theorems 2 and 4, see A.3. Then =¥
has a random fixed point ser on D7 by Th 10 in Bharucha-Reid (1976). For outcomes such
that 2 (sep) is interior for Dy no truncation takes place in the calculation of Z¥, and hence,
Ur(E(ser)) = E(ser), 1e. Ep(ser) is a fixed point of Wr. From Lemma 13(a),(c),(e) we have
that Ur(£(ser)) = €(300) + op, (1) and Zq(se1) = 500 + 0p, (1), With 2 1= (0712,7%, 1,02)
belonging to the interior of D. Moreover, according to the same lemma, Z5.(s¢) and Z% (ser)
tend to zero at rates faster than the shrinkage rates of the components }D)‘ST and D%. Therefore,
Er(ser) is interior for Dy with Pj-probability approaching 1, and hence, P (Ur(E(ser)) =
&(32r)) — 1. The sequence &y whose existence is asserted in (i) can now be defined as
= (o).

Items (ii) and (iii) follow from s € Dy and Lemma 13. Item (d) follows once no-
ticed that the ADF statistics based on the de-jumped data are ADFY = TV/2W%, (¢4) (1 —
S W (&)t and ADEY = W& (64) (62 (E7) vi1)~Y/2, where vy is the first entry of the
matrix [Y1 XY (XY ,)]"! evaluated at &7. According to Lemma 12, sep € Dy implies
that these statistics have the same asymptotic distribution as those based on AY;.

Uniqueness is addressed next. Fix an arbitrary € € (0,1). In view of Lemmas 14 and
7, 1Er)plh < 1(Pr)gle=e@)l max(Hr, H") < op, (1) uniformly on Dy. Therefore, we can
find a set By with P;(By) > 1 — ¢/4 and an integer 77 such that, for 7" > 77 and outcomes
in By, ||(Er);lli < 1/2 for all z € Dp. Say that x1,29 € Dy are fixed points of Zp for some
outcome w. Since D is convex, by the mean-value theorem Zp (z1)—Z7 (22) = (E7). (r1—2x2),
where (Zr)., is the Jacobian matrix (E7)!, each row of which is evaluated at some point in
Dp, in general varying across rows. From here and the fixed-point property, ||z1 — x2||oc0 =
27 (21) = 7 (22) [|oo < [|21 — 22|00 SUPLep, |[(ET) 1, and for w € By and T > T it follows
that 1 = x2, i.e. Zp has at most one fixed point on Dp. According the first part of the proof
we can find a set Ba C By with Pi(B2) > 1 —€/3 and an integer 7> > 717 such that, on B
and for T' > T5, s is the unique fixed point of Z7 on Drp.

Further, if £ and &% satisfy item (i), there exist a set Bz with P;(B3) > 1 — €¢/3 and an
integer T3 such that, on Bs and for T" > T3, it holds that U (ﬁzT) = &b i = 1,2. If they
also satisfy items (ii) to (iv), so that Ur (£5) = €(540) + 0p, (1) again at rate faster than the
shrinkage rate for HD‘ST and Df., then we can find a set By with P;(B4) > 1—¢/3 and an integer Ty
such that, for ' > Ty and outcomes in By, £+ (§T) € Dr. On B3NB, and for T' > max(T3,Ty),
¢71(¢h) are fixed points of Zr on Dp, while on NY_,B; with Pi(NL,B;) > 1 — € and for
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T > max(T2,T3,Ty), they must be equal to s and to each other. Since e is arbitrary,
uniqueness with P;-probability approaching one is proved.

Finally, consider computation. In view of Lemma 13, there exist a set Bs with P;(Bs) >
1—¢/3 and an integer T5 such that, on By and for T' > T5, Ep(Dr) C D7. On the other hand,
from Theorems 2 and 4, z7g := & (Eqp) i 7~ at faster rate than the shrinkage rate for
]D)‘ST and Df. Thus, on some Bg C Bs with P;(Bs) > 1 — €/2 and for T greater than some Tg,
we have that xpg € Dp. From the first part of the proof we know that we can find 177 > Tp
and B; C By with Pj(B;) > 1 — ¢/2 such that, on By and for T' > T%7, Zp is Lipshitz with
modulus 1/2. Then, on Bg N By and for T > max(Tg, T7), = is a contraction of Dp with
unique fixed point sz, and by Banach’s fixed point theorem xp; — s as i — oo. Hence,

also &p; = &(api) — E(ser) =&p asi —oo. W
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Table 1. Empirical size of standard ADF tests (ADF) and of the modified ADF tests (ADF?® and ADFY). Raw data.

Model Sy (no level shifts)

Model Sy (four level shifts at fixed fractions)

Model S, (random level shifts)

T ¥ ADF, ADF, ADF! ADF) ADFY ADFY ADF; ADF, ADF! ADF) ADF} ADFY ADF; ADF, ADF. ADF}’ ADFY ADFY
100 —0.5 5.1 5.1 5.0 5.0 5.8 5.9 3.0 3.2 3.9 4.0 6.5 6.9 3.6 3.6 4.3 4.4 6.3 6.5
0 5.2 5.1 5.2 5.2 5.7 5.7 4.9 4.9 5.4 5.3 6.9 6.7 4.9 4.8 5.2 5.3 6.8 7.0
0.5 5.5 5.4 5.5 5.4 6.0 5.7 3.6 3.7 4.0 3.8 5.5 5.4 3.5 3.5 4.0 3.9 5.4 5.4
200 —-0.5 5.3 5.4 5.2 5.2 5.7 5.7 3.0 3.1 4.9 5.1 6.2 6.3 3.9 3.9 4.5 4.6 5.6 5.8
0 4.6 4.6 4.8 4.7 5.0 4.9 4.8 4.8 5.2 5.2 5.8 5.8 4.8 4.7 5.2 5.2 5.7 5.6
0.5 5.0 4.8 4.9 4.8 5.2 5.0 3.3 3.3 4.3 4.3 4.9 4.9 3.7 3.6 4.7 4.7 5.4 5.3
400 —-0.5 4.9 5.1 4.9 5.0 5.1 5.2 2.6 2.8 4.7 4.8 5.1 5.2 3.5 3.6 4.7 4.6 5.2 5.0
0 4.8 4.8 4.8 4.8 4.9 4.9 4.3 4.4 4.8 4.9 5.0 5.1 4.8 4.7 5.1 5.0 5.3 5.2
0.5 5.2 5.2 5.0 5.1 5.2 5.2 3.5 3.4 5.0 5.0 5.3 5.3 3.5 3.5 5.1 4.9 5.2 5.1
Notes: ADF? and ADFY denote the ADF tests under rough de-jumping and finer de-jumping. In both cases for estimation a Gaussian distribution is used as a proxy for
Student-t with large v. Asymptotic critical values at the 5% level as reported in Fuller (1976) are employed.
Table 2. Size-adjusted power of standard ADF tests (ADF) and of the modified ADF tests (ADF® and ADFY). Raw data.
Model Sy (no level shifts) Model Sy (four level shifts at fixed fractions) Model S, (random level shifts)
T ¥ ADF; ADF, ADF! ADF) ADFY ADFY ADF; ADF, ADF, ADF) ADFY ADFY ADF; ADF, ADF: ADF® ADFY ADFY
100 —-0.5 50.7 51.5 48.1 48.2 45.3 47.5 0.0 0.0 10.2 9.9 12.5 12.3 10.2 10.2 12.0 12.0 14.9 14.8
0 49.3 50.1 46.1 46.1 45.9 46.7 0.2 0.2 19.3 19.4 19.8 20.1 13.3 13.5 19.9 20.1 20.0 19.8
0.5 43.0 43.8 42.5 42.7 42.0 42.6 10.1 10.1 27.3 279 30.0 30.0 23.7 234 29.1 28.9 304 30.7
200 —-0.5 47.9 48.9 45.8 47.0 45.2 45.9 0.0 0.0 20.0 19.7 25.0 25.9 9.1 9.2 23.5 23.2 29.2 29.0
0 51.8 52.0 49.3 50.1 49.3 50.0 0.2 0.2 34.1 34.9 34.0 35.1 13.9 14.1 35.6 35.6 36.7 36.4
0.5 47.1 477 46.9 47.6 47.0 47.5 10.8 10.4 40.9 41.0 43.2 42.6 24.3 24.5 38.6 38.8 41.1 41.7
400 —-0.5 49.2 48.8 47.7 47.5 47.7 48.0 0.0 0.0 38.0 37.6 38.3 384 9.7 9.8 38.8 38.8 39.4 40.2
0 50.3 50.4 50.8 50.5 50.1 50.3 0.2 0.2 44.7 44.4 44.9 44.1 12.9 13.2 42.5 43.5 42.6 43.2
0.5 47.0 47.1 47.1 47.3 46.9 46.9 11.0 11.2 454 46.3 45.4 45.7 24.3 24.7 44.3 45.6 44.9 45.9
Notes: Power is evaluated at a=1-c/T" with c=7. See also Table 1.



Table 3. Empirical size of standard ADF tests (ADF) and of the modified ADF tests (ADF?® and ADFY). GLS de-trended data

Model Sy (no level shifts)

Model Sy (four level shifts at fixed fractions)

Model S, (random level shifts)

T ¥ ADF; ADF,; ADFg ADF? ADFg ADFY ADF, ADF, ADFg ADF? ADF(A‘XI' ADFY ADF, ADF, ADFg ADF? ADF(%' ADFY
100 —0.5 6.9 7.4 6.9 7.4 7.1 7.6 2.8 3.2 4.7 5.1 5.3 5.8 4.7 4.9 5.0 5.5 5.6 6.1
0 7.0 7.5 7.1 7.6 7.3 7.8 6.0 6.3 7.1 7.4 6.9 7.6 7.0 7.3 7.3 7.9 7.4 8.0
0.5 7.0 7.0 7.0 7.0 7.3 7.2 4.0 4.2 4.6 4.8 5.2 5.4 4.4 4.5 5.1 5.3 5.8 5.9
200 —-0.5 5.8 6.2 5.6 6.1 6.0 6.3 2.0 2.1 4.7 5.0 5.7 6.1 3.7 4.1 4.6 4.9 5.2 5.6
0 5.3 5.6 5.5 5.7 5.4 5.7 5.2 5.5 5.5 5.6 5.6 5.8 5.3 5.5 5.8 6.1 6.0 6.2
0.5 5.8 5.8 5.7 5.8 5.9 5.9 3.3 3.3 5.1 5.3 5.8 5.8 3.2 3.4 5.0 5.3 5.6 5.8
400 —0.5 4.9 5.2 4.8 5.0 4.9 5.2 1.8 1.9 4.3 4.6 4.6 4.9 2.8 3.0 4.6 4.9 4.8 5.0
0 5.0 5.1 5.0 5.2 5.0 5.2 4.1 4.4 4.8 5.1 5.0 5.2 4.7 5.0 5.0 5.3 5.1 5.4
0.5 4.9 5.0 4.9 5.1 4.9 5.1 2.6 2.7 4.7 4.8 4.9 5.0 2.7 2.8 4.7 4.8 4.9 5.0
Notes: Asymptotic critical values at the 5% level as reported in Ng and Perron (2001) are employed. See also Table 1.
Table 4. Size-adjusted power of standard ADF tests (ADF) and of the modified ADF tests (ADF? and ADFY). GLS de-trended data.
Model Sy (no level shifts) Model Sy (four level shifts at fixed fractions) Model S, (random level shifts)
T v ADF, ADF, ADF:. ADF} ADFY ADFY ADF, ADF, ADF; ADF} ADFY ADFY ADF, ADF, ADF!. ADF) ADFY ADFY
100 —0.5 49.6 50.5 47.2 47.7 47.4 48.3 4.9 9.3 12.0 12.5 13.3 13.6 11.9 12.0 16.1 15.7 16.8 16.3
0 47.4 47.9 44.9 46.0 44.8 45.5 12.5 16.6 24.6 24.6 25.1 24.9 15.1 15.5 25.1 25.3 244 244
0.5 38.2 38.9 37.4 38.0 37.5 38.2 27.7 28.2 32.5 334 32.5 33.1 26.9 274 31.4 31.7 31.2 31.7
200 —-0.5 49.7 50.4 48.7 49.6 49.0 49.5 5.3 5.4 27.8 28.1 32.0 32.1 10.3 10.5 29.4 29.4 34.4 34.4
0 51.2 51.2 50.3 50.3 50.2 50.6 12.1 12.5 42.6 42.9 42.2 42.3 17.6 17.9 40.5 41.3 40.2 40.9
0.5 43,4 43.7 42.9 43.4 42.8 43.4  30.5 30.9 39.0 39.0 39.4 39.8 29.9 29.6 40.6 40.6 41.0 41.0
400 —-0.5 50.7 50.7 50.1 50.5 50.2 50.4 4.6 5.0 44.5 45.3 45.8 45.7 11.0 11.0 44.0 44.1 45.5 45.1
0 49.9 50.3 49.6 49.7 49.5 49.6 14.0 13.9 48.9 48.5 48.2 48.2 17.2 17.0 47.0 46.6 46.9 47.0
0.5 47.3 48.0 47.0 47.5 47.2 476  33.0 34.2 46.9 47.2 46.8 47.5 31.8 32.5 46.7 47.8 46.7 47.9
Notes: Power is evaluated at a=1-c/T with ¢=-13.5. See also Table 1.



Table 5. Size-adjusted power of standard ADF tests (ADF') and of the modified ADF tests
(ADF% and ADFY) with v = 8 and v = co. Model Sy with ¢ (10) innovations

v=2_8 V=00

T vy ADF,; ADF; ADF(;[S ADF, t& ADF (;I’ ADF{I’ ADF(;[S ADF, t& ADF(%’ ADF{I’
100 —-0.5 0.0 0.0 0.2 0.2 0.3 0.3 8.7 8.8 11.0 11.5
0 0.5 0.5 1.3 1.3 1.5 1.5 17.0 16.9 174 17.6

0.5 13.7 13.4 14.8 14.6 15.2 15.2 24.6 25.3 27.1 27.9

200 —-0.5 0.0 0.0 0.8 0.7 1.6 1.6 17.1 16.9 20.4 20.7
0 0.6 0.5 5.7 5.7 5.8 5.8 29.1 30.0 29.8 29.8

0.5 13.7 13.1 18.6 18.3 19.8 20.2 35.2 35.1 36.7 37.7

400 -0.5 0.0 0.0 8.4 8.4 16.6 16.4 26.9 26.7 28.1 28.0
0 0.5 0.4 26.9 27.4 27.1 27.7 36.4 36.5 36.5 36.7

0.5 15.0 15.0 30.2 30.8 35.9 35.9 43.1 44.3 42.9 44.3

Notes: Power is evaluated at a=1-c/T" with c=-7. See also Table 1



